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CYCLIC PURITY VERSUS PURITY IN
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ABSTRACT. A characterization is given of those Noetherian rings R such
that whenever R is ideally closed (= cyclically pure) in an extension algebra
S, then R is pure in S. In fact, R has this property if and only if the
completion (4, m) of each local ring of R at a maximal ideal has the following
two equivalent properties:

@) Fc#' each integer N > 0 there is an m-primary irreducible ideal
Iy Cm®.

(i) Either dim4 = 0 and 4 is Gorenstein or else depth 4 > 1 and there
isno P € Ass(4) such that dim(4/P) = 1 and (4/P) & (4/P) is embedda-
ble in 4.

It is then shown that if R is a locally excellent Noetherian ring such that
either R is reduced (or, more generally, such that R is generically Goren-
stein), or such that Ass(R) contains no primes of coheight < 1 in a maximal
ideal, and R is ideally closed in S, then R is pure in S. Matlis duality and the
theory of canonical modules are utilized. Module-theoretic analogues of
condition (i) above are, of necessity, also analyzed.

Numerous related questions are studied. In the non-Noetherian case, an
example is given of a ring extension R — S such that R is pure in S but
R[[T]] is not even cyclically pure in S[[T]].

0. Introduction. All rings are commutative, with identity, and modules are
unital. Recall that a submodule N of a module M (or the map N — M) over
a ring R is called pure (respectively, cyclically pure) if for every R-module
(respectively, every cyclic R-module) E the map N ® E — M ® E is injective.
A case of particular interest is the one where N =R and E = S is an
extension algebra of R: in this case the cyclic purity of R in S asserts that for
every ideal I of R, IS N R = I (let E = R/I in the definition of cyclic purity).
This condition is sometimes expressed by the phrase “R is ideally closed in S”.
Quite generally, if M/N is finitely presented, then N is pure in M if and only
if N is a direct summand of M. We refer the reader to [3], [14], [15], [20, p. 64],
and [24] for basic facts about purity.

Our original objective was to give a really useful condition on a Noetherian
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ring R such that whenever R satisfies the condition and is cyclically pure in an
R-algebra S, then R is pure in S. As it turns out, the “approximately
Gorenstein” condition we discuss below is not only sufficient for this purpose
but also necessary, and guarantees the desired conclusion even when § is
merely a module, without an algebra structure.

But the definition of “approximately Gorenstein” leaves much to be
desired: the hard job is to give a more down-to-earth characterization of this
notion. It turns out to be a rather weak (albeit strange) unmixedness condition.

A good deal of our effort will be devoted to proving the existence of m-
primary irreducible ideals contained in arbitrarily high powers of the maximal
ideals of certain Noetherian local rings (R, m): the existence of such irreduci-
ble ideals is a subtle question and is the key to all our difficulties. It turns out
to be necessary to consider an analogous question for modules as well (see
Theorem 1.12). Matlis duality [17] plays a crucial role at a certain point, and
so does the notion of “canonical module”. The use of canonical modules has
been quite minimized in this write-up: they played a much larger role in the
original thinking. It will still be evident (see Example (5.4)) that the existence
of canonical modules and the existence of small irreducibles are closely related
questions, and we shall later give an example, based on the Ferrand-Raynaud
example [5], in which cyclic purity fails to imply purity for a one-dimensional
local Noetherian domain R.

We note that some work on the comparison of cyclic purity and purity has
been done in [2] and [9] (and cyclic purity is studied in [8]). Where we say that
R is “cyclically pure” or “ideally closed” in S, in [9] R — S is said to satisfy
“condition C”. Where we refer to the “purity” of R — S, [9] refers to
“condition £” (essentially, P. M. Cohn’s linear equational criterion for purity:
see [3] or [20, p. 65]).

1. The main notions and the main results. We shall write dim R for the Krull
dimension of R.

Let (R, m) be a Noetherian local ring with dim R = n. We recall ([1], [16])
that R is Gorenstein if, equivalently, either:

(i) idg R is finite (id denotes injective dimension); in this case, idg R = n, or

(i) some (respectively, every) system of parameters x,, ..., x, is an R-
sequence such that (x;,...,x,)R is irreducible, or

(iii) R is Cohen-Macaulay and for some (respectively, every) system of
parameters X, ..., X, of R, S = R/(x,,...,x,)R is an injective S-module.

An arbitrary Noetherian ring R is Gorenstein if all its local rings are.

We are now ready for our most important definition:.

(1.1) DEFINITION-PROPOSITION. A local Noetherian ring (R, m) is approximate-
ly Gorenstein if it satisfies either of the following equivalent conditions:
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(i) For every integer N > 0 there is an ideal I C m" such that R/I is
Gorenstein. v
(ii) For every integer N > O there is an m-primary irreducible ideal1 C m”.

[For a proof, see (2.1) and (2.2) of §2.]

(1.2) PROPOSITION. A local Noetherian ring (R, m) is approximately Gorenstein
if and only if its m-adic completion (R, ) is approximately Gorenstein.

[For a proof, see (2.2) of §2.]

(1.3) DerINITION. A Noetherian ring R is approximately Gorenstein if for
every maximal ideal m of R, R,, is approximately Gorenstein.

The “propositions” above are rather trivial. The next proposition is more
interesting: it displays the connection between approximately Gorenstein rings
and the original problem of getting cyclic purity to imply purity.

(1.4) PROPOSITION. Let R be a Noetherian ring. The following three conditions
on R are equivalent:

(i) R is approximately Gorenstein.

(ii) R is pure in every extension algebra S D R such that R is cyclically pure
(i.e., ideally closed) in S.

(iii) R is pure in every extension module M O R such that R is cyclically pure
in M.

[For a proof, see (2.6) of §2.]

Examples of ring extensions R C S such that R is Noetherian (even
Artinian), R is cyclically pure in S, yet R is not pure in S abound. We shall
give examples below: see §3 and Example (5.4). The reader may wish to
consult [4] and [2] where other examples in which cyclic purity holds but
purity fails are given. In the example of [2], R is Artinian and S is a finite R-
module.

On the other hand, when R is excellent Noetherian a rather weak unmixed-
ness condition is sufficient for cyclic purity to imply purity if dimR > 2. By
virtue of (1.4) and (1.2) the problem is basically to characterize the approxi-

mately Gorenstein rings in the complete local case. If dimR = 0 we have a
trivial result:

(1.5) ProposITION. If R is an Artin local ring, then R is approximately
Gorenstein if and only if R is Gorenstein.

[See (2.26).]
If dimR > 1 we have our first main theorem:

(1.6) THEOREM. Let (R, m) be a complete (or even an excellent) local ring with
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dim R > 1. Then R is approximately Gorenstein if and only if the following two
conditions hold:

(a) m & Ass(R), i.e,, depthR > 1.

(b) If P € Ass(R) and dim R/P = 1, then (R/P) & (R/P) is not embeddable
in R.

[See (5.2) for a proof.]

For basic properties of excellent rings we refer the reader to [18]. We merely
mention here that the class of excellent Noetherian rings contains all fields, the
integers, all discrete valuation rings of characteristic 0, and is closed under
passage to a residue class ring, passage to a ring of quotients with respect to a
multiplicative system, and passage to a finitely generated extension algebra.
For other properties we shall refer to [18] as needed.

For the purpose of applying (1.6) the following corollary is really our main
result (note: by “R is locally excellent” we mean the local rings of R are
excellent):

(1.7) THEOREM. Let R be any locally excellent Noetherian ring and suppose that
at least one of the following three conditions holds:

(1) R is reduced (every nilpotent is 0), or

(2) R is generically Gorenstein (i.e., the total quotient ring of R is a (necessarily
0-dimensional) Gorenstein ring), or

(3) for every prime P € Ass(R) and maximal ideal m O P, dim(R/P),, > 2.

Let S be any extension algebra of R such that R is cyclically pure (= ideally
closed) in S. Then R is pure in S. Hence, if S is also a finite R-module, then if R
is cyclically pure in S, R is a direct summand of S as an R-module.

[See (5.3) for a proof.]

This result is not best possible, but conditions (1) or (2) or (3) are the most
easily verified in practice. Note that (1) = (2), since if R is reduced its total
quotient ring is a finite product of fields. In general, if R is generically
Gorenstein its total quotient ring will be a semilocal zero-dimensional
Gorenstein ring, and, hence, a finite product of zero-dimensional Gorenstein
local rings.

The key point will be to prove that a “good” R has sufficiently many
irreducibles. We proceed by working with modules, which is both natural and
necessary. Before stating our main result for modules, we give two convenient
definitions:

(1.8) DeFINITION. We shall say that a local ring A is an- E-ring if every
domain B which is a homomorphic image of A satisfies the following
condition: if dimB = 1, then the generic fiber (B — {0})"'8 of B — B is
Gorenstein, while if dim B > 2 then Ass(B) contains no primes of coheight
one.
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We say that an arbitrary Noetherian ring R is an E-ring if its localization at
each maximal ideal is an E-ring.
The key point that we need about excellent rings is simply:

(1.9) ProposITION. A (locally) excellent Noetherian ring is an E-ring. Hence,
a complete local ring is an E-ring.

ProoF. See [18, §34].

(1.10) DEerINITION. Let (R, m) be a local ring and let M be an R-module of
finite type. We shall say that M has small cofinite irreducibles (S.C.1.) if for
every integer N > 0 there is an irreducible submodule E of M such that
E C m"M and M/E has finite length.

By dim M, where M is an R-module, we mean dim(R/Anng M ). One has,
trivially:

(1.11) ProposITION. Let (R,m) be local Noetherian and M an R-module of
finite type. Then:

(a) M has S.C.I. if and only if M has S.C.I. over R.

(b) If dimM = 0, then M has S.C.I. if and only if 0 is irreducible in M.

(c) M = R has S.C.I. if and only if R is approximately Gorenstein.

Our main result on modules having S.C.I. is the following:

(1.12) THEOREM. Let (R, m) be a local Noetherian ring and let M be an R-
module of finite type with dim M > 0. Consider the following condition on M:

(*) m & Ass(M) (i.e., depthM > 1) and if P € Ass(M) is such that
dim(R/P) = 1, then (R/P) ® (R/P) cannot be embedded in M.

If M has small cofinite irreducibles, then M satisfies (*), while if R is an E-ring
then M has S.C.1. if and only if M satisfies (*).

[For a proof, see (4.4), (4.11), and (4.17).]

This result is really the strongest of our theorems: it gives (1.6) and (1.7) at
once. Moreover, the following proposition shows that (1.12) is best possible in
a certain sense and justifies the notion of an E-ring:

(1.13) PrOPOSITION. Let (R, m) be a local ring and suppose that every R-module
M of finite type such that dim M > 0 which satisfies (*) has small cofinite
irreducibles. Then R is an E-ring. Thus, R is an E-ring if and only if (¥) is
equivalent to having S.C.I. for positive dimensional M.

[For a proof, see (4.12).]
We also note the following easy consequence of (1.6) and (1.7).

(1.14) PROPOSITION. Let R be an arbitrary Noetherian ring and let x, y be
analytic indeterminates over R. Then R[x,y) and R|[x,y]] are approximately
Gorenstein.
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Moreover, given a ring extension R — S, where R is Noetherian, R — S is pure
if and only if R[x,y] = S[x,y] is cyclically pure if and only if R[[x,y]] = S[[x,]]
is cyclically pure.

[For a proof, see (5.6).]
On the other hand, we note the following result from §6.

(1.15) PROPOSITION. There exists a pure ring extension R — S such that
R([]] = S[[?]] is not even cyclically pure: in fact principal ideals are not
concerned.

[See (6.1).]

We conclude this summary of our main results with the remark that in §3 it
is shown that if R is a O-dimensional local Noetherian ring which is not
Gorenstein, it has a sort of “universal” or “generic” finitely generated extension
algebra Ty such that R — Ty is not pure. Moreover, R is cyclically pure but
not pure in Tp.

2. Approximately Gorenstein rings, cyclic purity, and purity. The following
proposition implies the results in (1.1) and (1.2) of §1.

(2.1) ProPOSITION. Let (R,m) be a local Noetherian ring, N > 0 an integer,
and suppose that Ic m"and R/I is Gorenstein. Then there exists an ideal J with
I CJ C m" such that J is m-primary and, equivalently:

(1) J is irreducible.

(2) R/J is Gorenstein.

(3) Soc(R/J) = R/m (where “Soc” denotes “Socle”).

PROOF. Let k = dim(R/I)and let x, ..., x, € mbe such that X, ..., X,
is a system of parameters for R/I, where ~ denotes reduction modulo 1. Then
?,N , .., X} is also a system of parameters for R/Z, and RN/, ....xN <)
is a zero-dlmenswnal Gorenstein ring. Hence, we may let J = I + (x,N yeses

)R Q.E.D.

(2.2) CoroLLARY. (a) The conditions given in (1.1) (defining “approximately
Gorenstein™) are equivalent.

(b) Gorenstein rings are approximately Gorenstein. A zero-dimensional ring is
approximately Gorenstein if and only if it is Gorenstein.

(c) 4 local Noetherian ring (R, m) is approximately Gorenstein if and only if its
m-adic completion (R, ) is approximately Gorenstein.

Proor. In (1.1) the implication (ii) = (i) is clear, while (i) = (ii) is
immediate from (2.1) above. The first statement in (b) is clear from character-
ization (i) of approximately Gorenstein rings. For the second statement of (b)
we need only consider the case of a zero-dimensional Noetherian local ring
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(R, m). Choose N so that m" = 0. If R is approximately Gorenstein, we can
choose I C m" so that R/I = R/(0) = R is Gorenstein.

Finally, statement (c) is clear from characterization (ii) of approximately
Gorenstein rings. Q.E.D.

We next want to give a result which contains Proposition (1.4). It will be
convenient to make some definitions:

(2.3) DeriniTION. If R is a Noetherian ring, $(R) ={I C R: I is an
irreducible ideal and Rad(7) is a maximal ideal of R}.

(2.4) DeFINITION. If R is a Noetherian ring, S(R) (or simply S) denotes the
R-algebra [1;e4(r) R/

We also note the following trivial fact:

(2.5) LEMMA. Let R be a Noetherian ring. If r € R, r # 0, and I is maximal
with respect to not containing r, then I € $(R). Hence, for any Noetherian ring
R, Niegr)! = (0), i.e, R > &(R) is injective.

The proof is left to the reader. We are now ready for the main result of this
section:

(2.6) THEOREM. Let R be Noetherian ring. Then R — $(R) is ideally closed,
and the following four conditions are equivalent:

(i) R is approximately Gorenstein.

(i) R = S(R) is pure.

(iii) For every extension algebra S of R, if R is ideally closed (= cyclically pure)
in S, then R is pure in S.

(iv) For every extension module M of R, if R — M is cyclically pure, then R is
pure in M.

PrROOF. We shall show that (iv) = (iii) = (i) = (i) = (iv). (iv) = (iii) is
trivial, while (iif) = (ii) is immediate if we know that R — § is ideally closed.
To see this suppose, to the contrary, that I C R,r € R— 1, and r € IS.
Choose J O I maximal with respect to not containing r. By (2.5), J € $(R).
If we compose R — § —” R/J, where p is the product projection for the J-
coordinate, then since r € IS C J§, the image of ris 0 in R/J, contradicting
r & J. Thus, R — §(R) is ideally closed, and (iii) = (ii).

To see that (i) = (i), assume that R — §(R) is pure and let m be a given
maximal ideal of R. Let N be a given integer > 0. Let K = R/m and let E
denote the injective hull of K as a module over B = R/m". Then, using the
basic facts about Matlis duality [17], we have that E has finite length as a B-
module and, hence, E is finitely generated (= finitely presented) as an R-
module. Moreover, Homg (E, E) = Homy (E, E) = B (the last isomorphism
is the crucial consequence of Matlis duality which we need here), where under
B = Homy (E, E) the element b maps to multiplication by b.
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Since R — § is pure, the map E — E ®z § = E ®g [I; (R/I) is injective.
Now, quite generally, if R is any commutative ring, E is a finitely presented R-
module, and { Q) }, ¢ 5 is an arbitrary family of R-modules, the natural map

£oy([10,) > T o 00

is an isomorphism. [The map takes e ® f, where f: A = U, Q) is such that
f(A) € Q), to g, where g(A\) = e ® f(A).] This gives a natural transformation
from the right exact functor F = - ®; (I, @)) to the right exact functor
G = II, (- ® Q)). Hence, to check that F(E) — G(E) is an isomorphism for
finitely presented E, it suffices to check the case E = R™. But then the natural
transformation is given by F(E) = R" & (II) @\) = (II, @)
=TI, (V) = II\ (R™" ®; Q\) = G(E). Hence, E ®; 5 =[], (E ® R/I)
=[], (E/IE), where I € §(R), and we have that E — ], (E/IE) is injective.
Let u generate the copy of K in E, i.e., Ru = K = E. Then we can choose
I € %(R) such that K= Ru ¢ IE. But Ru is contained in every nonzero
submodule of E. Hence, we can choose I € $(R) such that JE = 0. But then
I C m" as required, forif » € I — m" then 7 # 0in B = R/m" ( ~ denotes
reduction module m") and, hence, by Matlis duality, multiplication by r or F
gives a nonzero endomorphism of E (B = Homyg (E,E)). This says that
rE # 0 and so IE # 0, a contradiction. This completes the proof that (ii) =
().

It remains to show that (i) = (iv). Suppose that R is approximately
Gorenstein and that 0 > R — M is cyclically pure. We must show that for
every R-module E, E = R ® E - M Q@ E is injective. Since E is a direct limit
of finitely generated modules, we may assume that E is finitely generated.
Suppose e # 0in Ebut 1 ® eis 0 in M ® E. Let m be a maximal ideal of R
which contains Anng Re. 0 — Re — E is injective, and hence 0 — (Re),,
— E,, is injective, and (Re),, # 0. Choose N such that e/1 is not in m" E,:
this is possible since e/l # 0 and N,m'E,, = 0. Then the image of e in
E,/mVE, = E/m"E is not 0. We have a commutative diagram:

E—EQM

l

E/mNE — (EmME)y®M

Since e maps to 0 in E ® M, its image in E/m" E (is nonzero) but maps to 0
in (E/m"E) ® M. Thus, purity fails for a module E which is killed by m" for
a certain m, N. But this is impossible: choose I € m" so that I is m-primary
and irreducible (R is approximately Gorenstein, which permits us to do this).



CYCLIC PURITY VERSUS PURITY 471

Then m"E = 0= IE = 0 = E = R/I ®; E; moreover, B = R/I is zero-
dimensional Gorenstein and, hence, B-injective. Since 0 — R — M is cyclical-
ly pure, 0 > B — B ® M is exact, and then since B is B-injective, B is a direct
summand of B ® M as B-modules, whence 0 — E ®; B — E ®5 (B ®; M) is
injective, and since IE = 0, this sequence may be identified with 0 — E
— E®; M. Q.E.D. for (i) = (iv) and Theorem 2.6.

(2.7) REMARK. The fact that R is approximately Gorenstein does not imply
that Rp is approximately Gorenstein for every P. It is easy to see this if we
allow ourselves the use of the characterization of Theorem 1.6. Let R
= K[[x, x5, 0,21/ y2)2, where K is any field. Then R is approximately
Gorenstein, because the unique prime P in Ass(R) (which is generated by the
images of y,,y,) is of coheight 2. But R, is zero-dimensional and not
Gorenstein, and hence not approximately Gorenstein.

(2.8) REMARK. Suppose we had allowed irreducibles whose primes are
nonmaximal in the construction of & and had then tried to prove, instead of
(i) = (i) of (2.6), that given (ii), Rp is approximately Gorenstein for every
prime P of R. Then we immediately run into the stumbling block that the
injective hull of Rp/PRp as an (Rp/P" Rp)-module is not of finite type over R,
and we cannot distribute ® over the infinite product of modules as in the proof
of (2.6).

(2.9) REMARK. The implication (i) = (iv) is essentially given, at least
implicitly, in the local case, in [12]. The ideas of [12] motivated our work here,
while [12] in turn was motivated by the relationship between results on
contractedness and the existence of big Cohen-Macaulay modules: this
relationship is discussed in [13].

3. Generic nonpure extension algebras of Artin local rings.

(3.1) PROPOSITION. Let (R, m) be an Artin local ring, let K = R/m, and let A
be an s by t matrix with entries in m such that Coker(4: R® — R") is an injective
hull E for K (we may obtain such a matrix from a minimal free R-resolution of
an injective hull of K). Let X = [X, - -+ X,] be an s X 1 matrix of indeterminates,
let S = R[X|,...,X,], let p € R' map to an element of E which generates the
copy of K in E, and let J be the ideal of S generated by the entries of p — XA. Let
Ty = S/J. Then:

(a) Ty is a finitely generated R-algebra. Its R-algebra structure is independent
of the choice of A or P.

(b) R - Ty is not pure, and is “generic” with respect to this property in the
sense that h: R — U is not pure if and only if there is a homomorphism T — U
such that h = (Tg > U) o (R = Ty).

(¢) If R is not Gorenstein, R — Ty is injective and cyclically pure (R is ideally
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closed in Ty). If R is Gorenstein,s = 0, S = R, and Ty = R/Anng m; R - Ty
is not injective.

Proor. (a) Consider one choice of 4, p. Any other choice of A has the form
BAC, where B is s by s invertible, C is ¢ by ¢ invertible, and then we may
initially choose the new p to be pC. Let X’ = XB. Then the entries X, ..., X
of X’ are indeterminates over R and S = R[X},...,X]. The new algebra T
obtained is S/J’, where J’' is generated by the entries of pC — X(BAC)
= pC — (XB)(AC) = (p — (XB)A)C, and since C is invertible J’ is generat-
ed by the entries of p — X'4 and

Tk = R[X},...,X.)(the entries of p — X'4) = Ty.

Now suppose that A4 is fixed but we vary p. Any choice of p has the form
P’ = ap + DA where a is an invertible element of R and D is a 1 by s matrix
of elements of R, say D = [D; -+- D,]. In this case Ty = S/J’, where J' is
generated by the entries of ap + DA — XA = a(p — a”'(X — D)A), and
hence J' is generated by the entries of p — X’4, where, now, X’ =
a”!(X — D). Since the X, = a~' (X, — D;) are algebraically independent over
R and generate S, we again have T = Tj.

Of course, it is obvious that Ty is finitely generated over R.

(b) Let ¢: K — E be the map which takes 1 + m to the image p of p. By [14,
Proposition 6.11], A: R — U is pure if and only if the induced map K ® U
— E ® U is injective, i.e., if and only if p ® 1 is nonzero in E ® U. Since
E = Coker 4 (over R), E ® U = Cokerh(4) (over U), and p ® 1 is represent-
ed by the image of A(p) in Coker A(4). Then, A is not pure < h(p) represents
0 in Cokerh(4) < h(p) is in the row space of h(4) < there exists an s X 1
matrix X over U such that A(p) — Xh(4) = 0 < there is a homomorphism
S = R[X,,...,X,] = Uextending h: R — U (corresponding to X > X) such
that p — X4 maps to 0 © h: R — U factors through S/J = Ty, as required.

(c) I R is not Gorenstein, then by (2.2b) R is not approximately Gorenstein,
and by Theorem 2.6, R — §(R) is injective, ideally closed, but not pure.
Hence, this map has a factorization R — T — §(R), by part (b) here. This
implies R — Ty is injective and ideally closed.

If R is Gorenstein, E = R and the minimal resolutionis0 - R —> R — 0,
i€, s =0, = 1. We interpret this to mean that § = R (there are 0
indeterminates). p is then, simply, an element which generates the unique copy
of K = Anng m in R, and we regard the product of the 1 by 0 matrix X and
the 0 by 1 matrix 4 to be the 1 X 1 matrix [0], so that J is generated by
p—0=p Q.ED.

(3.2) REMARK. If (R, m) is local one cannot get a single algebra to play the
role of Ty, because the injective hull E of R/m is countably generated rather
than finitely generated.



CYCLIC PURITY VERSUS PURITY 473

(3.3) ExampLe. Let R = K[X,Y]/(X,Y)’ = K[x,y] (= K + Kx + Ky),
where K is any field. In this case, we may take

y 0
A= 0 x
x -y

and p = [x 0] (= [0 y]). Then
P—XA=[x-Xy-X;x,—X;x + X3],
and
Tz = RIX, X5, X3]/(x = Xy — X3x, = Xy x + X5 ).

Then R is not pure in T, and since R is not Gorenstein R is ideally closed in
T, by Proposition 3.1. But it is easy to see this directly: except for (0) and m
(which are easily checked separately), every proper ideal of R is irreducible
and is, in fact, the kernel of a surjective homomorphism h: R — K[t]
= K[T]/(T?). h is uniquely determined by elements a, b € K, where (a, b)
# (0,0), and h(x) = at, h(y) = br. The assertion that ((Kerh)T;) N R
= Kerh is equivalent to the injectivity of the map

K[1] = K[f][X;, X,, X3]/(at — X, bt — Xyat,— X, at + X, bi)

induced by substituting x = at, y = bt. If a = 0 this injectivity is clear: we
may further compose with a map that kills X}, X,, X;. If a # 0 we may
compose with a map which sends X] to 0, X; to 1, and X, to ba™'. In either
case the target ring may be retracted to K[z].

4. The existence of small cofinite irreducibles. In this section, which is the
heart of the paper, we prove the key theorem, (1.12). We proceed by giving a
sequence of lemmas and propositions which eventually yields the desired
result.

Throughout the rest of this section, unless otherwise specified, (R,m)
denotes a Noetherian local ring and K = R/m. ~ denotes m-adic completion.
M and E always denote R-modules of finite type. (Some of these hypotheses
may be reiterated, for emphasis, in the statements of theorems.)

(4.1) ProposITION. (a) If dim M = 0, M has small cofinite irreducibles if and
only if 0 is irreducible in M, i.e, M = 0 or M # 0 and Homy (K,M) = K.

(b) M has S.C.I. over R if and only if M has S.C.I. over R.

(c) If I C Anng M, then M has S.C.I. over R/I if and only if M has S.C.I.
over R.

The proof is utterly straightforward and is left to the reader.
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(4.2) PROPOSITION. M has small cofinite irreducibles if and only if for every
integer N > 0 there is a submodule My, C m™ M such that M/M,, has S.C.I.

PrROOF. “Only if” is clear, from the definition of having S.C.I. and (4.1a). To
prove “if”, let N > 0 be given and choose My, C m" M such that M/M,, has
S.C.I. Choose E C m" (M/My) such that (M/M,,)/E has finite length and E
is irreducible in M/M), (i.e., 0 is irreducible in (M/M,)/E). Let M), be the
inverse image of E in M, so that M/M, = (M/My)/E. Then M)y C m" M
+ My C m"M and M} is cofinite (i.e., M/M,, has finite length), while My is
irreducible in M because 0 is irreducible in M/M’, = (M/M,)/E. Q.E.D.

(4.3) PrOPOSITION. Suppose that M has S.C.I. Then every submodule E of M
has S.C.1.

Proor. By the Artin-Rees lemma there is a positive integer ¢ such that for
every integer ¢ > 0, (m'**M) N E C m'E. Let N > 0 be given and choose
M’ C m"*°M such that M/M’ has finite length and M’ is irreducible in M.
Let Ey = M’ N E.ThenEy C (m"**M) N E ¢ m" E. Moreover, we have
an injection E/E, <> M/M’. Since M/M’ has finite length and 0 is irreducible
in it, every submodule of M/M’ has the same property. Thus, E,, is cofinite
and irreducible in E. Q.E.D.

We are now ready to begin the proof of the necessity of condition () for a
module to have S.C.I. (see (1.12)). First:

(4.4) ProPOSITION. If M has S.C.I. and dim M > 1 then depthM > 1, ie.,
m & Ass(M).

Proor. If depthM = 0, choose x # 0 in M such that mx = 0. Since
x # 0 we can choose N > 0 such that x &€ m" M. Choose M’ C m"*'M
such that M’ is cofinite and irreducible in M. Since x € M’ and mx = 0,
x + M’generates Soc(M/M’) = Anny, m (= K, since M’ is irreducible).
Since dimM > 1, m"M # mV*'M. Let y € m"M — m¥*'M. Since y
& M’,y + M’ has a multiple equal to x + M’, i.e., there exists r € R such
that x—ry € M' C m M. Since y € m"M,x € m"M + m¥*'M
= m" M, a contradiction. Q.E.D.

Before continuing the proof of the necessity of (*), we recall some needed
facts about canonical modules in the local case.

(4.5) DiscussioN. Let (R,m) be a Cohen-Macaulay local ring, with dim R
= n. A canonical module E for R is an R-module of finite type satisfying the
following condition: if x;, ..., x, is a system of parameters for R (equivalent-
ly, a maximal R-sequence) then x,...,x, is an E-sequence and
E/(x,...,x,)E is an injective hull for K regarded as an (R/(x,...,x,)R)-
module. E is unique up to nonunique isomorphism, if it exists. However, the
natural map R — Homyg (E, E) is an isomorphism, so that the isomorphism
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between two canonical modules is unique up to multiplication by a unit of R.

A Cohen-Macaulay ring R possesses a canonical module if and only if R is
a homomorphic image of a Gorenstein local ring [19], [7], [6]: a complete local
Cohen-Macaulay ring always has one. R is Gorenstein if and only if it is a
canonical module for itself. See [22] and [23] for more information. (Note: A
“canonical module” is a “rank one Gorenstein module” in the terminology of
some authors.)

We note that if R is of finite type over (perhaps a homomorphic image of)
a Gorenstein local ring S of dimension g > n, then Ext{ " (R,S) is a
canonical module for R.

If E is a canonical module for R and x € R is not a zerodivisor, then x is
not a zerodivisor on E and E/xE is a canonical module for R/xR.

If P is a prime ideal of R, then Ej is a canonical module for Rp.

We refer the reader to [7], [10], [11], [22], and [23] for further information
and details.

We also need the following fact from [11]:

(4.6) FAcCT. Let (R, m) be a Cohen-Macaulay ring which possesses a canonical
module E. Let x|, ..., x, be a system of parameters for R. Then

W = inj li{n(--- = E/(x],...,x})E 2, E/(xf“,...,xf,“)E—) ee)

is an injective hull for K over R.

PROOF. E/(x{,...,x,)E is an injective hull of K over R/(x!,...,x)R,
and, since x;, ..., x, is an E-sequence, the maps are injective. It follows that
the modules in the sequence fit together to give the injective hull of K over R.
(Alternatively, by [11, Theorem 2.3], W = H}(E) = H"(E), is an injective
hull of K over R or R by local duality.) Q.E.D.

(4.7) REMARK. If R is an Artin local ring, a canonical module for R is
precisely the same as an injective hull for K as an R-module.

Recall that a (not necessarily local) Noetherian ring R is generically
Gorenstein if its total quotient ring is Gorenstein. We need the following useful
though elementary:

(4.82) FACT. Let R be a generically Gorenstein Cohen-Macaulay local ring
which possesses a canonical module E. Then R and E can each be embedded in
the other. Moreover, E is isomorphic as an R-module with an ideal of R which may
be taken to be R precisely if R is Gorenstein and which otherwise has pure height
one.

PROOF. Let T denote the multiplicative system of nonzerodivisors in
R; T=R- UL, p;, wherep,, ..., D, are the minimal primes of R. T 'Ris
a zero-dimensional Gorenstein ring and T 'R = =, R,. T'E
=[I~, E,, and since each R, is Gorenstein and E, is a canonical module
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for R we have E, =R, .Hence, T™ 'R=T17E Now we have injections
R T 'R, E> T 'E. Hence, the isomorphism T'R=T7'E provides
injections R > T~ 'E,E< T7'R. Since R and E are R-modules of finite
type, we may choose nonzerodivisors a, b € R such that the image of
aR (= R) in T~ E is contained in E, and the image of bE (= E)in T"'R is
contained in R. Thus, we have injections R < E and E = R. Let I be an ideal
of R such that 7 = E. Let P be an associated prime of R and let 4 = Rp.
Then IA4 is a canonical module for 4, and we cannot have height P > 2, for
then depth, 4 > 2, depth, I4 > 2, and so depth, A/IA > 1, while P
€ Ass(R/I) = depth, A/I4 = 0. Q.E.D.

(4.8b) REMARKS. If R is Cohen-Macaulay and has a canonical module, then if
R is generically Gorenstein, R is approximately Gorenstein. For the canonical
module E always has S.C.L.: if x;, ..., x, is a system of parameters for R, then
(x, ,e ,xN )E is irreducible in E. If R is generically Gorenstein, we can
embed R = E, and then R has S.C.1, i.e., R is approximately Gorenstein. See
Example (5.4).

We are almost ready to prove the necessity of condition (*) for a module to
have S.C.I. First, we want to make some observations.

(4.9) DiscussION. Let R be Noetherian (not necessarily local). If P is a prime
of R, we write p,(P, M) for

dim,(py Ext, ((P), Mp),

where k(P) = Rp/PRp: p;(P,M) is the ith Bass number (and can also be
characterized as the number of copies of the injective hull over R (or over Rp)
of k(P) occurring in the ith term in a minimal injective resolution of M [1].
Here, we shall be concerned solely with the numbers py(P, M), or, briefly,
p(P, M). We note the following trivial facts (the proofs are left to the reader):

(4.10) LEMMA. Let R be Noetherian (not necessarily local).

(a) H'(PsM) = ’J'(PRP, MP)'

(b) (P,M) >0 P € Ass(M).

(c) w(P, M) is the torsion-free rank of any maximal (R/P)-torsion-free submo-
dule of M.

(d) (P, M) is the rank of any maximal (R/P)-free submodule of M.

(€) If P is minimal in R, Rp is Gorenstein if and only if y(P,R) = 1.

(4.11) TuEOREM. If M has S.C.I. and P is a prime of R such that dim(R/P)

= 1, then W(P,M) < 1. In other words, (R/P) & (R/P) cannot be embedded in
M.

ProOF. If not, we can choose a prime Q (of R) € Ass(R/P) such that
dimR/Q = 1. Then we have an embedding R/Q <> R/P and hence an
embedding
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(R/Q) ® (R/Q) = (R/P) ® (R/P) = ((R/P) ® (R/P)) = M.

Thus, there is no loss of generality in assuming that R is complete. By (4.3),
(R/P) ® (R/P) will itself have S.C.L.: by (4.1c), we may replace R by R/P.

Thus, it suffices to show that if R is a complete one-dimensional local
domain, then R & R does not have S.C.I.

Let u € m — {0}. Since dim R = 1, we can choose N such that m" C uR.
We shall show that if M’ is cofinite and irreducible in R%, then M’ ¢ m" (R?).
To see this, let V = R2/M ’. Since V is an essential extension of K (of finite
length), we have an injection ¥ < W, where W is the injective hull of K. By
(4.6), if I denotes an ideal R which is a canonical module for R (cf. (4.8)), then
W = proj lim, I/u'I, and since V has finite length it follows that for some ¢ we
have an injection ¥ — I/u'l. We then have the following commutative
diagram in which the sequences are exact:

0

N T >0
4 a
|
g1 AR €
1
I/a‘es

0— M < R? »V - 0

where a is simply the inclusion of 7 in R. We can choose 8 (and then, uniquely,
af) so that the diagram commutes, since v is surjective and R? is free. Let q,
b be the images of the free generators for R? in R (under aB). We may choose
a largest possible nonnegative integer 4 such that a = u"a’, b = u"b’ with
a’, b’ € R. Since h is as large as possible, either @’ € uR or b’ & uR. Hence
(t',~a’) & m"R? (for m" C uR). But aB((¥',—a’)) = b'a — a’b = 0. Since a
is injective, B((b’,—a’)) = 0 and so yB((6’,—a’)) = 0. But y8 = &§, so that
ed((b',—a’)) = 0, and so, since ¢ is injective, 8((b',—a’)) = 0, i.e., (¥',~a’)
€ M'. Thus, M’ ¢ m"R?. Q.E.D.

(4.4) and (4.11) together yield the necessity of the condition (*) for an M
with dim M > 0 to have S.C.L.: part of the statement of Theorem (1.12).

We now have enough information to prove the first statement in Proposition
(1.13).

(4.12) PROPOSITION. Suppose that every M with dim M > O which satisfies (*)
has S.C.I. Then R is an E-ring.

PROOF. Suppose, to the contrary, that R is not an E-ring. There are two
possibilities. One is that for some prime P of R, dim R/P > 2 and Ass(R/P)
contains primes of coheight 1. Let Q € Ass(R/P) be such that dim R/Q = 1.
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Then (R/P) & (R/P) satisfies (*), but its completion has R/Q & R/Q as a
submodule and does not. Hence, by (4.11), (R/P) & (R/P))" does not have
S.C.I, and so neither does (R/P) & (R/P).

The second possxblhty is that for some prime P of R with dim(R/P) = 1,
the ring (R— P) '(R/P) is not Gorenstein. This means that for some
minimal prime Q of P, (R/P) )g is not Gorenstein. Since this ring is zero-
dimensional, this says (cf. (4.10e)) that u(Q/P,(R/P)) > 2, ie., (R/Q)
® (R/Q) is embeddable in (R/P) . Thus, by (4.11), (R/P) does not have
S.C.I. But R/P satisfies (*). Thus, in either case, we have a contradiction.
Q.E.D.

Our remaining objective is the result that if R is an E-ring and dimM > 1,
then (*) is sufficient for M to have S.C.I. We need a refined version of primary
decomposition for modules [4, Chapter I, §B].

First, recall that if P is a prime of R (not necessarily local) then M is “P-
coprimary” if, equivalently, (i) Ass(M) = {P} or (ii) Rad Ann M = P, and
for every r € R either r is not a zerodivisor on M or r € P (in which case r
is nilpotent on M).

(4.13) LEMMA. Let R be a (not necessarily local) Noetherian ring and M an R-
module of finite type. Let Ass(M) = (R,...,B} and let vy = (P,M), 1 < i
< h. For each i, let M be a copy of (R/P)" in M.

(a) Let M* = 2, | M;. Then the sum is direct. Moreover, M is an essential
extension of M* .

Since M; N 2 M; =0, for each i we may extend 3,;,; M; to a submodule
E; of M maxzmal wzth respect to being disjoint from M. Let M’
= = e maps M — induce a map
269 \(M/E;) =TI, ,(M/E) Th M — MJE; ind| M
- M’

(b) For each i, M/E, is an essential extension of the image of M, and, hence,
Ass(M/E;) = {P), i.e, M/E, is P-coprimary and E; is P-primary. Moreover,
H'(E’ M/E‘) = Vz

(c) The map M — M’ is injective.

@ n = 0; in fact, this is an irredundant primary decomposition of 0 in
M.

PrOOF. (a) If K, 15 are submodules of M such that Ass(¥) N Ass() = @,
then YN HK=0 and K+ =Kok, for Ass(} N K) C Ass(¥)
N Ass(};). By induction, if ¥, ..., ¥/ are submodules of M and the sets
Ass(¥)) are pa1rw1se disjoint, Ii.-‘- "+ =K&---®V. Since Ass(M))

={P}, M* = I} M, = 3 ®"_ | M,. To see that the extension M* — M is
essential, letw € M — {0} be given: we must show that Rw N M* # 0. First,
we replace w by a multiple whose annihilator is prime. Thus, we may assume
Anng w = P, for a certain i, and Rw = R/P. But then, Rw N M* =0
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= (Rw) N M, = 0 and then Rw + M, = Rw & M, = (R/P)""", contradict-
ing the definition of »,. This proves (a).

(b) Since E; N M; = 0, we have an injection M; = M/E;: the maximality of
E; says precisely that this is an essential extension. The rest is straightforward.

(c) Since M is an essential extension of its submodule M* = 3 @, M, it
suffices to show that the restriction M* — M’ is injective, i.e., that ¢: > B, M,
- [1; M/E, is injective. If j # i, M; C E; by construction of E,, so that each
summand M; maps to 0 in all coordinates except the ith. Thus, writing
I1, M/E,) = 3 ®,(M/E,) we see that ¢ is the direct sum of the maps
M; > M/E;, which we already know are injective.

(d) The injectivity of M — []; (M/E;) says precisely that M, E; = 0, while
from (b), E, is P-primary. Q.E.D.

(4.14) LEMMA. Let R be a (not necessarily local) Noetherian ring, P a prime
ideal of R, and M a P-coprimary module with W(P, M) = v. Then there exist v
P-coprimary modules My, ..., M, such that W(P,M;) = 1,1 < i < v, and M
can be embedded in 3, ®!_ | M,.

PROOF. We may replace R by R/Ann M without loss of generality, and so
assume that P is the unique minimal prime of R. Now, suppose we can solve
the problem over Rp, and embed M, = 3 @!_, M*, where the M* are
suitable Rp-modules. Each M;* has the form (M), for a suitable R-module of
finite type M,, and M; may be chosen P-coprimary as well. Since M is of finite
type, for a suitable s € R — P the image of sM =M in 3 EB,L,M*
= (2 &}_ M,)p will be contained in T ®’_, M,, and we are done.

Thus, we may assume that (R, P) is a zero-dimensional local ring, say with
residue class field K = R/P, and, as in (4.13a), M is an essential extension of
K" C M. Now, let M*, ..., M,* each be the injective hull of K as an R-
module. The maps K < M;* give rise to an injection K* — 3 @*_, M,* which,
since 3 ®;_; M;* is R-injective, extends to a map M — 3 ®’_, M*; more-
over, since K” C M is essential, this map is injective. Q.E.D.

(4.15) PROPOSITION. Let R be a (not necessarily local) Noetherian ring and let
M be an R-module of finite type with Ass(M ) = {P,...,B}and y(B,M) = ,.
Then M can be embedded in a direct sum of E,.h:, v, R-modules
2 O cich1<j<» My, where My is a P-coprimary module with u(P, M) =11
Si<hl<j<y.

ProoF. By (4.13) we can embed M — 3 EB,-';IM/E,. where M/E; is P-
coprimary and (B, M/E;) = v, and by (4.14) we can embed M/E; in a direct
sum >, @;’f__l M;; where each M;; is B-coprimary and w(R, M,.j) = 1. QE.D.

We need one final preparatory lemma in order to prove Theorem 1.12.

(4.16) LEMMA. Let R be an E-ring and let M be a module which satisfies
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condition (*). Then M satisfies condition (%) as an R-module.

PROOF. Since depth M = 1, depth M = 1. Thus, the problem is to show
that if Q is a prime of R with (R/Q) = 1, then y(Q,M ) < 1. By [2],
Proposition 15, p. IV-25], AssR (M) = UL, Assg (R/P) . Since R is an E-
ring, if dim(R/R) > 2, no prime in Ass; (R/P)" has coheight 1. Thus, we need
only show that if P € Ass(M) and coheight P = 1, thenif Q € Ass, (R/PY
then u(Q,M) < 1. But if Q € AssR (R/P) then Q D PR, ie., there is a
surjection (R/P) — R/Q, which in turn yields an injection

Homy (R/Q, M) = Homy ((R/PY ,M) = (Homg (R/P,M)) = (Ann,, P).

Since dimR/P = 1, Ann,, P is a torsion-free (R/P)-module: otherwise, m
€ Ass(Ann, P) C Ass(M), a contradiction. Since wP,M)< 1,
rank Anny, P < 1, and hence Anny, P is embeddable in R/P Thus, we have
(AnnM P) = (R/P) and so Homg (R/Q, M) < (R/P) . Since R is an E-
ring if we localize (R/P) at Q it becomes a zero-dimensional Gorenstein ring,
and we have an injection:

Homy_(Ro/QRg, My) = (R/P) ),

It follows that w(Q, M) = w(QRy, My) < w(Q,(R/P)y) = 1. QED.

We are now ready to prove the hardest part: that (%) is sufficient for having
S.C.I. when R is an E-ring. Of course, we have already done a good deal of
the work.

(4.17) THEOREM. Let R be an E-ring and let M be an R-module with
dimM > 0. Suppose that M satisfies condition (x). Then M has small cofinite
irreducibles.

ProOF. We proceed by induction on n = dimM = dim(R/Ann M). By
(4.16) we may assume that R is complete. By the induction hypothesis we
know the result for all modules M’ with dim M’ < n, even if the base ring is
an E-ring and not necessarily complete.

We first consider the case in which dimM = 1. Then all the primes in
Ass(M) have coheight one. Since R is complete, we can map a complete
regular local ring onto it. Then, by (4.1c), we may assume that R is complete
regular. Let 7 = Ann(M). Then I will have pure height (dimR) — 1, and
hence, since R is regular and, in particular, Cohen-Macaulay, I will contain an
R-sequence of length (dim R) — 1. But R regular = R Gorenstein, and so we
may divide out by this R-sequence ((4.1c) again) and replace R by a one-
dimensional Gorenstein ring.

Thus, if dimM = 1 we may assume that dimR = 1 and that R is a
complete Gorenstein local ring. We have that for each minimal prime P of R,
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w(P, M) < 1. But then M can be embedded in R. To see this, note that since
depth M = 1 = dimR, M is a Cohen-Macaulay module and so every non-
zerodivisor in R is a nonzerodivisor on M. Let T be the multiplicative system
of nonzerodivisors of R. Then R = T~!R, M = T~'M, and, as usual, it will
suffice to embed T~'M = T~!R. But T™! R is a product of zero-dimensional
Gorenstein rings and T7'M= 11, Mp where P runs through the minimal
primes of R. w(P,M) < 1(PRp,Mp) < 1= Mp =0 or else Mp is an
essential extension of k(P) = Rp/PRp. Since Rp is Gorenstein, it is the
injective hull (maximal essential extension) of k(P ), so that for each P we have
an embedding MP < Rp and hence an embedding T™'M =TI, M,
S[IpRp=T" IR, as required.

Since R is Gorenstein, it is approximately Gorenstein and has S.C.I. and,
hence, so does its submodule M.

This completes the proof for the case n = 1.

We now suppose n > 1. We are retaining the assumption that R is complete
and that the result holds for any R, M’ if R’ is an E-ring and dim M’ < n.
Let Ass(M) = {R,...,B} and embed M > 3 ®, ;<p;1< <M Precisely as
in Proposition (4.15): M;; is B-coprimary, », = w(B, M), and p(R, M) = 1, 1
i<hl<j<y.

Then we can select 2 -1 dzstmct primes F; with the following properties:

(1) For each i, j, dim R/B. =

(2) If dim(R/B) = 1 (this implies y; = 1, since M satisfies (*)), then £, = P.

(3) For each i, j, B DPR.

Note that in order to select these primes we must have m & Ass(M ), and
we also must have p(B, M) = »; = 1 if ht(R/R) = 1. (To select the P, first
pick 2. = P for those i such that dim R/P, = 1. The other £, may be selected
one at a time: given i, j, where dimR/P, > 2, let F; be any prime which
contains P, has coheight 1 in R, and which has not already been used. This is
possible, since R/P, has infinitely many primes of coheight 1.)

By (4.3), we may replace M by 3 @;M;: it will suffice to show that
M=73 EBUM has S.C.I.

Let an integer N > 0 be given. By (4.2) it will suffice to show that there is
a module My, C m™ M such that M/M,, has S.C.L. Let M; * be the localization
of Mé’ at P. Since M; is P-copnmary and £ C E, M c M* Let My
= B'M; n M;. Since B M} =0, N My, = 0. Since M; is a module
over a complete local ring, and k is a decreasing sequence of submodules
whose intersection is 0, we can choose an integer kK = N; such that My
c mV M;. "

Now, since R is complete, if R; denotes the localization of R at };, then R;;
is excellent and, in particular, an E-ring. Since M; is P- copnmary and

#(P, M) = 1, we have that M.* is B R, -coprimary and p(PRU, *)=1.
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Hence, M; * satisfies (*) over R;. But dim M* < dim Mj; < dim M; hence,
M; * has SCI as an R, j-module It follows that we can choose an R;-
submodule E} of M which is cofinite, irreducible, and such that E*

C (B) ”M* LetE = E; N M;. By the choice of N, E; C mNMJ More-
over, 1t is easy to see that M;/E;; 1s P-coprimary and u( 7 M M,/E;) = 1. Thus,
we may let =3 69 i Tor then MyCm N and M/My
=2 0;(M; /E ) has S.CIL by the case n = 1 (of course, we are using here
the fact that the P, are all distinct). Q.E.D.

5. Approximately Gorenstein rings, cyclic purity, and purity, revisited. We
have now done all the real work, and we can reap a harvest of corollaries.

(5.1) CorROLLARY. Let R be a Noetherian ring. The condition that R be
approximately Gorenstein is local on the maximal ideals of R, i.e., R is
approximately Gorenstein if and only if for every maximal ideal m of R, R,, is
approximately Gorenstein.

Proor. This is immediate from the definition. Q.E.D.

(5.2) THEOREM. Let R be a Noetherian ring. If R is an E-ring (in particular, if
R is a locally excellent Noetherian ring, especially, a complete local ring), then R
is approximately Gorenstein if and only if the following two conditions are
satisfied:

(1) If m is a maximal ideal of R and m € Ass(R), then R,, is a zero-
dimensional Gorenstein ring.

(2) If P € Ass(R) has coheight 1 in a maximal m of R, then (P, R) = 1, i.e.,
R/P & R/P is not embeddable in R.

Hence, for an arbitrary Noetherian ring R, R is approximately Gorenstein if
and only if for each maximal ideal m of R, either R,, is a zero-dimensional
Gorenstein ring or else m & Ass(R) and for each Q € Ass(R,,), if dim(R,,/Q)
= 1 then W(Q,R,,) = 1.

ProoF. The result is immediate from (5.1), (2.2¢), (1.5), (1.11c), and (1.12).
Q.E.D.

Of course, (1.6) is just the special case where R is complete local and
dimR > 1.

(5.3) Proor oF (1.7). Since (1) = (2), it suffices to show that either (2) or (3)
implies the condition of (5.2). If (3) holds then the condition of (5.2) holds
vacuously, because Ass(R) has no elements of coheight < 1 in a maximal
ideal. (2) implies that all primes P in Ass(P) are minimal, and that for each
P € Ass(R), W(P,R) = w(PRp,Rp) = 1, since R, is Gorenstein. Q.E.D.

(5.4) EXAMPLE. Let r be an integer > 2. By Proposition 3.1 of [5], there is a
local domain 4 of dimension 1 (thus, 4 is Cohen-Macaulay) such that A4
possesses a unique minimal prime P such that
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() P? =0,

(2 P=(4/P)".

Thus, 4 is not generically Gorenstein, and, hence, neither is 4. We can
therefore embed 4 — S, ideally closed, such that 4 — S is not pure. Since S
is the direct limit of its finitely generated A-subalgebras, we may even take S
to be finitely generated as an A-algebra. Moreover, 4 has equal characteristic
0. Thus, there is a one-dimensional (Cohen-Macaulay) local domain A of equal
characteristic 0 and a finitely generated extension algebra A — S such that
A — S is ideally closed but not pure.

The fact that 4 is not approximately Gorenstein is closely related to the fact
that it has no canonical module; if 4 had a canonical module, it would be
embeddable in it, and, hence, approximately Gorenstein. See (4.8b).

We conclude this section with two more corollaries of our main results.

(5.5) PROPOSITION. Let R be an approximately Gorenstein Noetherian ring, for
example, a reduced excellent Noetherian ring, and let S be a module-finite
extension algebra. Suppose that IS N R = I for every ideal I of R. Then R is a
direct summand of S as an R-module.

ProoF. The hypothesis guarantees that R is cyclically pure in S, and, since
R is approximately Gorenstein, that R is pure in S. But then, since S/R is a
finitely generated (= finitely presented) R-module, R is a direct summand of
S. Q.E.D.

(5.6) PrROPOSITION. Let R be any Noetherian ring and let x, y be analytic
indeterminates over R. Then R[x,y] and R[[x,y]] are approximately Gorenstein.

Moreover, if R = U is any algebra extension (or even an R-module extension)
the following five conditions are equivalent:

(i) R.is pure in U.

(i1) R[x,y] is cyclically pure in U[x,y].

(iii) R[[x,y]] is cyclically pure in U[[x,y]].

(iv) R[x,y] is pure in U[x,y).

(v) Rl[x,y]l is pure in U[[x, y]].

PrOOF. Let Q be a maximal ideal in S = R[x,y] (respectively, S =
R[[x,y]]) lying over say, P, in R. We must show that S is approximately
Gorenstein for each Q, or, equivalently, that SQ 1s approximately Gorenstein
for each Q. (Note that in the case S = R[[x,y]], P must be maximal in R and
we must have Q = (P,x,»)S.) Let T = Rp[x,y] (resp., Rp[[x,y]]) and let
m = QT. Then T, = S,,, so that it suffices to show that if A (let 4 = R) is
a complete local ring, then B = A[x,y] (resp. B = A[[x,y]]) is approximately
Gorenstein. But Assy B = {pB: p € Ass, (4)} and if p € AssA, B/pB
= (A4/p)[x,y] (resp. (4/p)[[x,y]]) has the property that every maximal ideal has
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height at least two. Since B is excellent, by Theorem (1.7) it is approximately
Gorenstein.

We now prove the equivalence of (i)~(v). From our point of view, the
interest is in the implications (ii) = (i) and (iii) = (i). In fact, (i) = (iv) is trivial
(since R[x,y] = S[x,y] arises by tensoring R — S with R[x,y] over R), and (i)
= (v) is known (see [2]). Moreover, (v) = (iii) and (iv) = (ii) are quite evident.

To see why (ii) (or (iii)) implies (i) let S = R[x,y] (resp., R[[x,y]]) and
T = Ulx,y] (resp., U[[x,y]]). Since S is approximately Gorenstein, the cyclic
purity of S — T implies the purity of S = T. Now R — S is pure (in fact, R
is an R-algebra retract of S via a homomorphism which kills (x, »)S), and so
R — T s pure. Since U is an R-algebra retract of T, R — U is pure as well.
Q.E.D.

(5.7) Remark. It is well known (see [2], [4]), that if R[x,...,x,]
- S[x,,...,x,] is cyclically pure for every n, then R is pure in S, even if R is
not Noetherian. The interesting point in (ii) = (i) is that if R is Noetherian, we
need only let n = 2.

6. Adjunction of analytic indeterminates fails to preserve purity in the non-
Noetherian case. In [2] it is shown that if R is Noetherian and R < S is pure,
then R[[{]] = S[[7]] is pure. In this section we construct a counterexample
when R is not Noetherian. In fact, we prove the following:

(6.1) PrOPOSITION-EXAMPLE. Let K be any commutative ring, e.g., a field. Then
there exists a countably generated K-algebra R, and a countably generated ring
extension R = § such that

(1) R = S is pure.

(2) R[[Z]] = S[[A]] is not even cyclically pure: in fact there is a principal ideal
of R[[]] which is not contracted from S|[t]].

Proor. We construct R, S explicitly as follows. Let {Xj,Z,.j, W:ij }, where
i, j are nonnegative integers and i < j, be countably many indeterminates. Let
T= K[Xj,Z,-,j: i<jlInT,ifj,j>n>0,let

n
p(j'sn) = i§0 Xi(Zn—i,j - Z"—i-j')°

Let I be the ideal of T generated by the elements p(j,j’,n) and let R = T/I.
We write x;, z;; for the images of X, Z;, respectively, in R. Thus,

R = Klx;,z;: i <J]
and if we let y, = 37 x;2,; ; for any j > n the relations p(j,j’,n) tell us

precisely that y, is independent of the choice of j > n for each n.
Let U = R[W: j] and for each n let p, € U be defined by
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Let J be the ideal of U generated by the p, and let S = U/J.

We shall show that R is pure in S but that R[[]] is not cyclically pure in
S{l.

To see that R is pure in S let S, = R[W, ..., W,1/(py; - - .,p,). Clearly, in
an obvious way, S = proj lim, S, . Therefore, it suffices to show that R — §,
is pure for each n. But R is a direct summand of S, as an R-module: in fact,
R is an R-algebra retract. To see this, simply map R[W, ..., W,] = R (as R-
algebras) by sending W, to z,,. Then p; maps to y, — 3/_o X;2,—; 2=00<i
< n, and so we have the required R-algebra retraction

S, = RWy,....W)/(pys....B,) = R

It remains to show that R[[{]] = S[[f]] is not cyclically pure. We simply
exhibit a principal ideal of R{[¢]] which is not contracted. Let

x= 3 xf e Rl

y= % ui € R
and

w= 3 wi e slil

Then y € xS[[¢]]; in fact, the relations p; are precisely what we need to
guarantee that y = wx. To complete the proof, it will suffice to show that
y & xR([1]), for then xR[[]] is a principal ideal of R[[s]] which is not contracted
from S{[]).

Suppose, to the contrary, that y € xR[[]]. We shall derive a contradiction.
The fact that y € xR[[¢]] simply means that there are elements 7y, ..., 7, ...
€ R such that

w N
y=x2 rt,
i=0

or, in other words, that the 7, satisfy the countable system of equations
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( Yo = Xo'o»

N =Xt Xn,

(E) X

S = Xphy + v e+ Xohy

Given a supposed solution, we can choose an integer m so large that
1o € Klxgs - ..y %25, <j < m] =R, C R We shall obtain a contradic-
tion by showing that if r, € R,, then even the two equations

I = No X + 200+ 1, X,
(E,.)

I+l = Xy T 000+ Ly Xos

have no solution in R.

To this end, we introduce an auxiliary ring. Let Uy, U}, k5, V], and Q be
indeterminates over K, let B = K[Up, U, ¥, 0], and let A = B/({, Q). We
denote the images of the variables in 4 by u,, u;, vy, g. We define vy = v + ¢
and note that uyy, = uyvg.

Let ¢ be the unique K-homomorphism of T = K [X,.,Z,.j: i < j]to A such
that:

oX)=0 ifi<mori>m+1,

#(X,) = uy and ¢(X,,) =y, HZ;) =0 ifi>1,
#(Zy)) = v, ifj < m,
¢(20j) =y, ifj2m+1

It is easy to check that for all n, j, j/, where j, j* > n, &(p(j,j’sn)) = 0. Hence
¢ induces a K-homomorphism

Y: R — A.

Let a; denote the image of 5 in 4. Now, Y(R,,) = K[uy,vy] C 4 and so
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ay € Kluy,vy]. Moreover, ¥(y,) = {Z!_g x;2,_;,), and so Y(y) = 0 if »
< m while y(y,) = uyvy and Y(y,,;) = u,vy. If we apply  to the equations
(E,,) we obtain

(1) uyyy = ugay,

() wvy = uya; + uyay,
over A, and we know ay € K[uy,v5]. Now, U;0B N K[U,, ¥] C OB
N K[Uy, %] = 0, so that K[uy,vy] = K[Up, }]. But then uyvy = uya, and
ay € Kluy,vy] = ay = v,. Substituting in (2), we have ujvy — u vy € uyA,
or, passing to B, that Ui(}j+ Q) — U ¥ € (U, Uy Q)B = U, B, whence
U Q € U,B, a contradiction. Q.E.D.
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