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CYCLIC PURITY VERSUS PURITY IN

EXCELLENT NOETHERIAN RINGS

BY

melvin hochster(')

Abstract. A characterization is given of those Noetherian rings R such

that whenever R is ideally closed (= cyclically pure) in an extension algebra

S, then R is pure in S. In fact, R has this property if and only if the

completion (A, m) of each local ring of R at a maximal ideal has the following

two equivalent properties:

(i) For each integer N > 0 there is an m-primary irreducible ideal

IN C mN.

(ii) Either dim^ = 0 and A is Gorenstein or else depth A > 1 and there

is no P e Ass(A) such that diia(A/P) = 1 and (A/P) ® (A/P) is embedda-

ble in A.
It is then shown that if R is a locally excellent Noetherian ring such that

either R is reduced (or, more generally, such that R is genetically Goren-

stein), or such that Ass(Ä) contains no primes of coheight < 1 in a maximal

ideal, and R is ideally closed in S, then R is pure in S. Matlis duality and the

theory of canonical modules are utilized. Module-theoretic analogues of

condition (i) above are, of necessity, also analyzed.

Numerous related questions are studied. In the non-Noetherian case, an

example is given of a ring extension R -» S such that R is pure in 5 but

R'[T]] is not even cyclically pure in S[[T]].

0. Introduction. All rings are commutative, with identity, and modules are

unital. Recall that a submodule N of a module M (or the map N -* M) over

a ring R is called pure (respectively, cyclically pure) if for every i?-module

(respectively, every cyclic i?-module) E the map N ® E -> M ® E is injective.

A case of particular interest is the one where N = R and E = S is an

extension algebra of R: in this case the cyclic purity of R in 5 asserts that for

every ideal I of R, IS D R = I (let E = R/I in the definition of cyclic purity).

This condition is sometimes expressed by the phrase "i? is ideally closed in 5".

Quite generally, if M/N is finitely presented, then N is pure in M if and only

if N is a direct summand of M. We refer the reader to [3], [14], [15], [20, p. 64],

and [24] for basic facts about purity.

Our original objective was to give a really useful condition on a Noetherian
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464 MELVIN HÖCHSTER

ring R such that whenever R satisfies the condition and is cyclically pure in an

Ä-algebra S, then R is pure in S. As it turns out, the "approximately

Gorenstein" condition we discuss below is not only sufficient for this purpose

but also necessary, and guarantees the desired conclusion even when S is

merely a module, without an algebra structure.

But the definition of "approximately Gorenstein" leaves much to be

desired: the hard job is to give a more down-to-earth characterization of this

notion. It turns out to be a rather weak (albeit strange) unmixedness condition.

A good deal of our effort will be devoted to proving the existence of m-

primary irreducible ideals contained in arbitrarily high powers of the maximal

ideals of certain Noetherian local rings (R,m): the existence of such irreduci-

ble ideals is a subtle question and is the key to all our difficulties. It turns out

to be necessary to consider an analogous question for modules as well (see

Theorem 1.12). Matlis duality [17] plays a crucial role at a certain point, and

so does the notion of "canonical module". The use of canonical modules has

been quite minimized in this write-up: they played a much larger role in the

original thinking. It will still be evident (see Example (5.4)) that the existence

of canonical modules and the existence of small irreducibles are closely related

questions, and we shall later give an example, based on the Ferrand-Raynaud

example [5], in which cyclic purity fails to imply purity for a one-dimensional

local Noetherian domain R.

We note that some work on the comparison of cyclic purity and purity has

been done in [2] and [9] (and cyclic purity is studied in [8]). Where we say that

R is "cyclically pure" or "ideally closed" in S, in [9] R -* S is said to satisfy

"condition C". Where we refer to the "purity" of R -* S, [9] refers to

"condition £" (essentially, P. M. Cohn's linear equational criterion for purity:

see [3] or [20, p. 65]).

1. The main notions and the main results. We shall write dim R for the Krull

dimension of R.

Let (R,m) be a Noetherian local ring with dimR = n. We recall ([1], [16])

that R is Gorenstein if, equivalently, either:

(i) idÄ R is finite (id denotes injective dimension); in this case, idÄ R = n, or

(ii) some (respectively, every) system of parameters xx,..., xn is an R-

sequence such that (xx,... ,xn)Ris irreducible, or

(iii) R is Cohen-Macaulay and for some (respectively, every) system of

parameters xx, ..., xn of R, S = R/(xx,... ,xn)R is an injective S-moduIe.

An arbitrary Noetherian ring R is Gorenstein if all its local rings are.

We are now ready for our most important definition:

(1.1) Definition-Proposition. A local Noetherian ring (R, m) is approximate-

ly Gorenstein if it satisfies either of the following equivalent conditions:
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(i) For every integer N > 0 there is an ideal I C mN such that R/I is

Gorenstein.

(ii) For every integer N > 0 there is an m-primary irreducible ideal I C m   .

[For a proof, see (2.1) and (2.2) of §2.]

(1.2) Proposition. A local Noetherian ring (R, m) is approximately Gorenstein

if and only if its m-adic completion (R,m) is approximately Gorenstein.

[For a proof, see (2.2) of §2.]
(1.3) Definition. A Noetherian ring R is approximately Gorenstein if for

every maximal ideal m of R, Rm is approximately Gorenstein.

The "propositions" above are rather trivial. The next proposition is more

interesting: it displays the connection between approximately Gorenstein rings

and the original problem of getting cyclic purity to imply purity.

(1.4) Proposition. Let Rbe a Noetherian ring. The following three conditions

on R are equivalent:

(i) R is approximately Gorenstein.

(ii) R is pure in every extension algebra SDR such that R is cyclically pure

(i.e., ideally closed) in S.

(iii) R is pure in every extension module M D R such that R is cyclically pure

in M.

[For a proof, see (2.6) of §2.]

Examples of ring extensions R C S such that R is Noetherian (even

Artinian), R is cyclically pure in S, yet R is not pure in S abound. We shall

give examples below: see §3 and Example (5.4). The reader may wish to

consult [4] and [2] where other examples in which cyclic purity holds but

purity fails are given. In the example of [2], R is Artinian and S is a finite R-

module.

On the other hand, when R is excellent Noetherian a rather weak unmixed-

ness condition is sufficient for cyclic purity to imply purity if dim R > 2. By

virtue of (1.4) and (1.2) the problem is basically to characterize the approxi-

mately Gorenstein rings in the complete local case. If dim R = 0 we have a

trivial result:

(1.5) Proposition. If R is an Artin local ring, then R is approximately

Gorenstein if and only if R is Gorenstein.

[See (2.26).]

If dimi? > 1 we have our first main theorem:

(1.6) Theorem. Let (R,m) be a complete (or even an excellent) local ring with
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dim R > 1. Then R is approximately Gorenstein if and only if the following two

conditions hold:

(a) m g Ass(R), i.e., depth J? > 1.

(b) IfPE Ass(R) and dim R/P = 1, then (R/P) © (R/P) is not embeddable

inR.

[See (5.2) for a proof.]

For basic properties of excellent rings we refer the reader to [ 18]. We merely

mention here that the class of excellent Noetherian rings contains all fields, the

integers, all discrete valuation rings of characteristic 0, and is closed under

passage to a residue class ring, passage to a ring of quotients with respect to a

multiplicative system, and passage to a finitely generated extension algebra.

For other properties we shall refer to [18] as needed.

For the purpose of applying (1.6) the following corollary is really our main

result (note: by "R is locally excellent" we mean the local rings of R are

excellent):

(1.7) Theorem. Let R be any locally excellent Noetherian ring and suppose that

at least one of the following three conditions holds:

(1) R is reduced (every nilpotent is 0), or

(2) R is generically Gorenstein (i.e., the total quotient ring of Ris a (necessarily

0-dimensiona!) Gorenstein ring), or

(3) for every prime P E Ass(R) and maximal ideal m D P, dim(R/P)m > 2.

Let S be any extension algebra of R such that R is cyclically pure (= ideally

closed) in S. Then R is pure in S. Hence, if S is also a finite R-module, then if R

is cyclically pure in S, R is a direct summand of S as an R-module.

[See (5.3) for a proof.]

This result is not best possible, but conditions (1) or (2) or (3) are the most

easily verified in practice. Note that (1) => (2), since if R is reduced its total

quotient ring is a finite product of fields. In general, if R is generically

Gorenstein its total quotient ring will be a semilocal zero-dimensional

Gorenstein ring, and, hence, a finite product of zero-dimensional Gorenstein

local rings.

The key point will be to prove that a "good" R has sufficiently many

irreducibles. We proceed by working with modules, which is both natural and

necessary. Before stating our main result for modules, we give two convenient

definitions:

(1.8) Definition. We shall say that a local ring A is an- E-ring if every

domain B which is a homomorphic image of A satisfies the following

condition: if dim B = 1, then the generic fiber (B — {0})~ B of B -» B is

Gorenstein, while if dim B > 2 then Ass(5) contains no primes of coheight

one.
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We say that an arbitrary Noetherian ring R is an £-ring if its localization at

each maximal ideal is an £-ring.

The key point that we need about excellent rings is simply:

(1.9) Proposition. A (locally) excellent Noetherian ring is an E-ring. Hence,

a complete local ring is an E-ring.

Proof. See [18, §34].

(1.10) Definition. Let (R,m) be a local ring and let Ai be an i?-module of

finite type. We shall say that M has small cofinite irreducibles (S.C.I.) if for

every integer N > 0 there, is an irreducible submodule E of M such that

E C mNM and M/E has finite length.

By dim M, where M is an R-module, we mean dim(i?/AnnÄ M). One has,

trivially:

(1.11) Proposition. Let (R,m) be local Noetherian and M an R-module of

finite type. Then:

(a) M has S.C.I. if and only if M has S.C.I, over R.

(b) If dim M = 0, then M has S.C.I, if and only ifO is irreducible in M.

(c) M = R has S.C.I, if and only if R is approximately Gorenstein.

Our main result on modules having S.C.I, is the following:

(1.12) Theorem. Let (R,m) be a local Noetherian ring and let M be an R-

module of finite type with dim M > 0. Consider the following condition on M:

(*) m g Ass(Af) (i.e., depth M > 1) and if P E Ass(Ai) is such that

dim(R/P) = 1, then (R/P) © (R/P) cannot be embedded in M.

If M has small cofinite irreducibles, then M satisfies (*), while ifR is an E-ring

then M has S.C.I. if and only if M satisfies (*).

[For a proof, see (4.4), (4.11), and (4.17).]

This result is really the strongest of our theorems: it gives (1.6) and (1.7) at

once. Moreover, the following proposition shows that (1.12) is best possible in

a certain sense and justifies the notion of an £-ring:

(1.13) Proposition. Let (R, m) be a local ring and suppose that every R-module

M of finite type such that dim M > 0 which satisfies (*) has small cofinite

irreducibles. Then R is an E-ring. Thus, R is an E-ring if and only if (*) is

equivalent to having S.C.I, for positive dimensional M.

[For a proof, see (4.12).]

We also note the following easy consequence of (1.6) and (1.7).

(1.14) Proposition. Let R be an arbitrary Noetherian ring and let x, y be

analytic indeterminates over R. Then R[x,y] and R[[x,y]] are approximately

Gorenstein.
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Moreover, given a ring extension R -* S, where R is Noetherian, R -* S ¡spure

if and only ifR[x,y] -» S[x,y] is cyclically pure if and only ifR[[x,y]] -* S[[x,y]]
is cyclically pure.

[For a proof, see (5.6).]

On the other hand, we note the following result from §6.

(1.15) Proposition. There exists a pure ring extension R -» S such that

R[[t]] -» S[[t]] is not even cyclically pure: in fact principal ideals are not

concerned.

[See (6.1).]

We conclude this summary of our main results with the remark that in §3 it

is shown that if R is a O-dimensional local Noetherian ring which is not

Gorenstein, it has a sort of "universal" or "generic" finitely generated extension

algebra TR such that R -* TR is not pure. Moreover, R is cyclically pure but

not pure in TR.

2. Approximately Gorenstein rings, cyclic purity, and purity. The following

proposition implies the results in (1.1) and (1.2) of §1.

(2.1) Proposition. Let (R,m) be a local Noetherian ring, N > 0 an integer,

and suppose that I C m and R/I is Gorenstein. Then there exists an ideal J with

I C J C m   such that J is m-primary and, equivalently:

(1) J is irreducible.

(2) R/J is Gorenstein.

(3) Soc(/?/y ) = R/m (where "Soc" denotes "Socle").

Proof. Let k = dim(R/l) and let xx, ..., xk E m be such that xx, ...,xk

is a system of parameters for R/I, where ~ denotes reduction modulo /. Then

xx , ..., "XJI is also a system of parameters for R/I, and (R/I)/(xxN,.. .,xk)

is a zero-dimensional Gorenstein ring. Hence, we may let J = / + (xxN,...,

x?)R.   Q.E.D.

(2.2) Corollary, (a) The conditions given in (1.1) (defining "approximately

Gorenstein") are equivalent.

(b) Gorenstein rings are approximately Gorenstein. A zero-dimensional ring is

approximately Gorenstein if and only if it is Gorenstein.

(c) A local Noetherian ring (R, m) is approximately Gorenstein if and only if its

m-adic completion (R,m) is approximately Gorenstein.

Proof. In (1.1) the implication (ii) ■> (i) is clear, while (i) =» (ii) is

immediate from (2.1) above. The first statement in (b) is clear from character-

ization (i) of approximately Gorenstein rings. For the second statement of (b)

we need only consider the case of a zero-dimensional Noetherian local ring
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(R,m). Choose N so that mN = 0. If R is approximately Gorenstein, we can

choose I C mN so that R/I = i?/(0) s R is Gorenstein.

Finally, statement (c) is clear from characterization (ii) of approximately

Gorenstein rings.   Q.E.D.

We next want to give a result which contains Proposition (1.4). It will be

convenient to make some definitions:

(2.3) Definition. If R is a Noetherian ring, 5(i?) = {i C R: I is an

irreducible ideal and Rad(i) is a maximal ideal of R).

(2.4) Definition. If R is a Noetherian ring, ?>(R) (or simply S) denotes the

i?-algebra UIei(R) R/L

We also note the following trivial fact:

(2.5) Lemma. Let R be a Noetherian ring. IfrER,r¥=0, and I is maximal

with respect to not containing r, then I E 5(i?). Hence, for any Noetherian ring

R, n/eä(Ä)i = (0), i.e., R -* S(R) is infective.

The proof is left to the reader. We are now ready for the main result of this

section:

(2.6) Theorem. Let R be Noetherian ring. Then R -* S>(R) is ideally closed,

and the following four conditions are equivalent:

(i) R is approximately Gorenstein.

(ii) R -» S(i?) is pure.

(iii) For every extension algebra S of R, if R is ideally closed (= cyclically pure)

in S, then R is pure in S.

(iv) For every extension module M of R, if R -* M is cyclically pure, then R is
pure in M.

Proof. We shall show that (iv) => (iii) =» (ii) => (i) => (iv). (iv) => (iii) is

trivial, while (iii) => (ii) is immediate if we know that R -* S is ideally closed.

To see this suppose, to the contrary, that I C R, r E R - I, and r G i§>.

Choose J D I maximal with respect to not containing r. By (2.5), / G $(R).

If we compose R -* S -*p R/J, where p is the product projection for the J-

coordinate, then since r E i§ C JS, the image of r is 0 in R/J, contradicting

r £ J. Thus, R -» S(i?) is ideally closed, and (iii) => (ii).

To see that (ii) ■♦ (i), assume that R -* S(i?) is pure and let m be a given

maximal ideal of R. Let A be a given integer > 0. Let K = R/m and let E

denote the injective hull of A" as a module over B = R/mn. Then, using the

basic facts about Matlis duality [17], we have that E has finite length as a B-

module and, hence, E is finitely generated (=* finitely presented) as an R-

module. Moreover, HomÄ (E,E) = HomB (E,E) s B (the last isomorphism

is the crucial consequence of Matlis duality which we need here), where under

B =ï Hom5 (E, E) the element b maps to multiplication by b.
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Since R -* S is pure, the map E -* £ ®Ä S = £ ®Ä JJ/ (^A ) ¡s infective.

Now, quite generally, if i? is any commutative ring, E is a finitely presented R-

module, and {Qa}Aea is an arbitrary family of /î-modules, the natural map

E®R(UQX)^U(E®RQX)

is an isomorphism. [The map takes e ® / where /: A -» UA 0A is such that

/(X) G QA, to g, where g(X) = t? ®/(X).] This gives a natural transformation

from the right exact functor F = • ®R (TJA Q\) to the right exact functor

G = Yí\ (" ®ä Q\)- Hence, to check that F(E) -» G(£) is an isomorphism for

finitely presented £, it suffices to check the case E = Rm. But then the natural

transformation is given by F(E) = Rm ®R (J[x Qx) s (TTA Q\)m

= ÏÏX (Or) = IL (*m ®« ÔA) = G(E). Hence, £ ®Ä S s ü/ (£ ®Ä *//)
= 11/ (E/IE), where 7 G 5(ä), and we have that £ -» II, (E/IE) is injective.

Let u generate the copy of K in E, i.e., Ru sí K ^> E. Then we can choose

I E $(R) such that AT s Ru (t IE. But Ru is contained in every nonzero

submodule of E. Hence, we can choose 7 G Í(R) such that 7£ = 0. But then

7 C m" as required, for if r E I — mN then f # 0 in B = Tî/m^ ( ~ denotes

reduction module m^) and, hence, by Matlis duality, multiplication by r or f

gives a nonzero endomorphism of E (B ss Hom5 (£, £)). This says that

rE # 0 and so 7£ # 0, a contradiction. This completes the proof that (ii) =>

(0.
It remains to show that (i) ==> (iv). Suppose that 7? is approximately

Gorenstein and that 0 -» 7? -> A/ is cyclically pure. We must show that for

every Ä-module £, £ = 7?®£-»A/®£is injective. Since £ is a direct limit

of finitely generated modules, we may assume that £ is finitely generated.

Suppose e ¥= 0 in £ but 1 ® e is 0 in M ® £. Let mbea maximal ideal of 7?

which contains AnnÄ Re. 0 -* Re -* E is injective, and hence 0 —» (#e)m

-> Em is injective, and (Äe)m ¥= 0. Choose A/ such that e/l is not in m Em :

this is possible since e/l # 0 and ntm'Em = 0. Then the image of e in

Em/mNEm as E/mNE is not 0. We have a commutative diagram:

£-»£<S>717

£/m^£ —*• (E/mNE) ®M

Since e maps to 0 in £ ® A/, its image in E/mNE (is nonzero) but maps to 0

in (E/mNE) ® A/. Thus, purity fails for a module £ which is killed by mN for

a certain m, N. But this is impossible: choose I <Z mN so that 7 is w-primary

and irreducible (R is approximately Gorenstein, which permits us to do this).
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Then mNE = 0 => IE = 0 => £ s R/I ®R £; moreover, B = R/I is zero-

dimensional Gorenstein and, hence, 5-injective. Since 0 -» i? -» M is cyclical-

ly pure, 0-»i?-»i?®Aiis exact, and then since B is ß-injective, 5 is a direct

summand of 5 ® Af as ß-modules, whence 0 -* £ ®5 5 -* E ®ß (5 ®Ä M ) is

injective, and since IE — 0, this sequence may be identified with 0 -* £

-» £ ®R M.   Q.E.D. for (i) => (iv) and Theorem 2.6.

(2.7) Remark. The fact that R is approximately Gorenstein does not imply

that RP is approximately Gorenstein for every P. It is easy to see this if we

allow ourselves the use of the characterization of Theorem 1.6. Let R

= K[[xx,x2,yx,y2]]/(yx,y2) , where K is any field. Then R is approximately

Gorenstein, because the unique prime P in Ass(i?) (which is generated by the

images of yx,y2) is of coheight 2. But RP is zero-dimensional and not

Gorenstein, and hence not approximately Gorenstein.

(2.8) Remark. Suppose we had allowed irreducibles whose primes are

nonmaximal in the construction of S and had then tried to prove, instead of

(ii) => (i) of (2.6), that given (ii), RP is approximately Gorenstein for every

prime P of R. Then we immediately run into the stumbling block that the

injective hull of RP/PRP as an (RP/P" Rp)-module is not of finite type over R,

and we cannot distribute ® over the infinite product of modules as in the proof

of (2.6).
(2.9) Remark. The implication (i) => (iv) is essentially given, at least

implicitly, in the local case, in [12]. The ideas of [12] motivated our work here,

while [12] in turn was motivated by the relationship between results on

contractedness and the existence of big Cohen-Macaulay modules: this

relationship is discussed in [13].

3. Generic nonpure extension algebras of Artin local rings.

(3.1) Proposition. Let (R, m) be an Artin local ring, let K = R/m, and let A

be an s by t matrix with entries in m such that Cdker(A : Rs —» R') is an injective

hull E for K (we may obtain such a matrix from a minimal free R-resolution of

an injective hull of K). Let X = [Xx • • • Xs] be an s X 1 matrix of indeterminates,

let S = i?[Aj,..., Xs], let p E R' map to an element of E which generates the

copy of K in E, and let J be the ideal of S generated by the entries of p — XA. Let

TR = S/J. Then:

(a) TR is a finitely generated R-algebra. Its R-algebra structure is independent

of the choice of A or P.

(b) R -* TR is not pure, and is "generic" with respect to this property in the

sense that A: R —* U is not pure if and only if there is a homomorphism TR —* U

such that A = (7^ -> U) ° (R -> TR).

(c) If R is not Gorenstein, R -* TRis injective and cyclically pure (R is ideally
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closed in TR). If R is Gorenstein, s = 0, S = R, and TR = R/AnnR m; R —> 7^

is not infective.

Proof, (a) Consider one choice of A, p. Any other choice of A has the form

BAC, where B is j by j invertible, C is / by / invertible, and then we may

initially choose the new/? to bepC. Let A" = XB. Then the entries X\, ..., X's

of A" are indeterminates over R and S = R[X\ ,...,X'S]. The new algebra T'R

obtained is S/J', where J' is generated by the entries of pC - X(BAC)

= pC - (XB)(AC) = (p - (XB)A)C, and since C is invertible /' is generat-

ed by the entries of p — X'A and

T'R = R[X\,. ..,X's]/(the entries of p - X'A) s* TR.

Now suppose that A is fixed but we vary p. Any choice of p has the form

p' = ap + DA where a is an invertible element of R and D is a 1 by j matrix

of elements of R, say D = [Dx • - ■ Ds]. In this case T'R = S/J',.where J' is

generated by the entries of ap + DA - XA = a(p - a~x (X — D)A), and

hence /' is generated by the entries of p - X'A, where, now, A" =

d~x(X — D). Since the X\ = a~x(X¡ - D¡) are algebraically independent over

R and generate S, we again have T'R sa TR.

Of course, it is obvious that 7^ is finitely generated over 7?.

(b) Let <b: K -» £ be the map which takes 1 + m to the image p of p. By [14,

Proposition 6.11], h: R -* U is pure if and only if the induced map K ® U

-» E ® U is injective, i.e., if and only if p ® 1 is nonzero in £ ® £/. Since

£ = Coker yl (over 7?), £ ® t/ = Coker/j(yl) (over £/), andp ® 1 is represent-

ed by the image of h(p) in Cokerh(A). Then, h is not pure <=> /¡(p) represents

0 in Cokerh(A) <=» A(/>) is in the row space of h(A) <=> there exists an j x 1

matrix X over U such that A(p) - Xh(A) = 0 <=> there is a homomorphism

S = R[XX, ...,Xs]-> {/extending h:R-+ U (corresponding to X i-> X) such

that p - XA maps to 0 <*=> h: R -> Í7 factors through S/7 == 7]j, as required.

(c) If 7? is not Gorenstein, then by (2.2b) 7? is not approximately Gorenstein,

and by Theorem 2.6, 7? -* S(7?) is injective, ideally closed, but not pure.

Hence, this map has a factorization 7? -* TR -* S(R), by part (b) here. This

implies R -» TR is injective and ideally closed.

If R is Gorenstein, E = R and the minimal resolution is 0 -» R -> 7? ->• 0,

i.e., 5 = 0, i = 1. We interpret this to mean that S = R (there are 0

indeterminates). p is then, simply, an element which generates the unique copy

of K =s AnnÄ m in 7?, and we regard the product of the 1 by 0 matrix X and

the 0 by 1 matrix A to be the 1 x 1 matrix [0], so that J is generated by

p - 0 = p.   Q.E.D.
(3.2) Remark. If (R, m) is local one cannot get a single algebra to play the

role of TR, because the injective hull £ of R/m is countably generated rather

than finitely generated.
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(3.3) Example. Let R = K[X, Y]/(X, Y)2 = K[x,y] (= K + Kx + Ky),

where K is any field. In this case, we may take

y    0
0     x

and/? - [*0](= [0y]). Then

p-XA =[x- Xxy- X3x,-X2x + X3y],

and

TR = R[Xx,X2,Xj]/(x - Xxy - X3x,-X2x + X3y).

Then R is not pure in TR, and since R is not Gorenstein R is ideally closed in

TR, by Proposition 3.1. But it is easy to see this directly: except for (0) and m

(which are easily checked separately), every proper ideal of R is irreducible

and is, in fact, the kernel of a surjective homomorphism A: R -» K[t]

= K[T]/(T ). A is uniquely determined by elements a, b G K, where (a,b)

# (0,0), and h(x) = at, h(y) = bt. The assertion that ((KerA)7^) n R

= KerA is equivalent to the injectivity of the map

*M -» K[t][Xx,X2,X3]/(at -Xxbt- X3at,-X2at + X3bt)

induced by substituting x = at, y = bt. If a = 0 this injectivity is clear: we

may further compose with a map that kills Xx, X2, X3. If a # 0 we may

compose with a map which sends Xx to 0, Äj to 1, and X2 to ba . In either

case the target ring may be retracted to K[t].

4. The existence of small cofinite irreducibles. In this section, which is the

heart of the paper, we prove the key theorem, (1.12). We proceed by giving a

sequence of lemmas and propositions which eventually yields the desired

result.

Throughout the rest of this section, unless otherwise specified, (R,m)

denotes a Noetherian local ring and K = R/m. denotes m-adic completion.

M and £ always denote i?-modules of finite type. (Some of these hypotheses

may be reiterated, for emphasis, in the statements of theorems.)

(4.1) Proposition, (a) If dim M = 0, M has small cofinite irreducibles if and

only //0 is irreducible in M, i.e., M = 0 or M ¥= 0 and HomÄ (K, M) s K.

(b) M has S.C.I, over R if and only if M has S.C.I, over R.

(c) If I C AnnÄ M, then M has S.C.I, over R/I if and only if M has S.C.I.
over R.

The proof is utterly straightforward and is left to the reader.
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(4.2) Proposition. M has small cofinite irreducibles if and only if for every

integer N > 0 there is a submodule MN C mNM such that M/MN has S.C.I.

Proof. "Only if" is clear, from the definition of having S.C.I, and (4.1a). To

prove "if", let N > 0 be given and choose MN C mNM such that M/MN has

S.C.I. Choose £ C mN(M/MN) such that (M/MN)/E has finite length and £

is irreducible in M/MN (i.e., 0 is irreducible in (M/MN)/E). Let M'N be the

inverse image of £ in Ai, so that M/M'N as (M/MN)/E. Then M'N C mNM

+ MN C mNM and M'N is cofinite (i.e., M/MN has finite length), while Ai^ is

irreducible in Ai because 0 is irreducible in M/M'N = (M/MN)/E.   Q.E.D.

(4.3) Proposition. Suppose that M has S.C.I. Then every submodule E of M

has S.C.I.

Proof. By the Artin-Rees lemma there is a positive integer c such that for

every integer / > 0, (m'+cM) n £ C m'E. Let N > 0 be given and choose

Ai' C mN+cM such that M/M' has finite length and Ai' is irreducible in M.

Let EN = Ai' n £. Then EN C (mN+cM) n £ C mNE. Moreover, we have

an injection E/EN c* M/M'. Since M/M' has finite length and 0 is irreducible

in it, every submodule of M/M' has the same property. Thus, EN is cofinite

and irreducible in £.   Q.E.D.

We are now ready to begin the proof of the necessity of condition (*) for a

module to have S.C.I, (see (1.12)). First:

(4.4) Proposition. If M has S.C.I, and dim Ai > 1 then depth Ai > 1, i.e.,

m & Ass(Ai).

Proof. If depth Ai = 0, choose x # 0 in Ai such that mx = 0. Since

x # 0 we can choose N > 0 such that x & mNM. Choose Ai' C mN+xM

such that Ai' is cofinite and irreducible in Ai. Since x £ Ai' and mx = 0,

x + Ai'generates Soc(Ai/Ai') = Ann^, m (= K, since Ai' is irreducible).

Since dim M > 1, mNM * mN+xM. Let y E mNM-mN+xM. Since y

£ A/', y + M' has a multiple equal to x + M', i.e., there exists r E R such

that x - ry E M' C mN+xM. Since y E mNM, x E mNM + mN+xM

= mNM, a contradiction.   Q.E.D.

Before continuing the proof of the necessity of (*), we recall some needed

facts about canonical modules in the local case.

(4.5) Discussion. Let (R, m) be a Cohen-Macaulay local ring, with dim R

= n. A canonical module E for R is an i?-module of finite type satisfying the

following condition: if x,, ..., xH is a system of parameters for R (equivalent-

ly, a maximal i?-sequence) then xx, ..., xn is an £-sequence and

E/(xx,..., xn)E is an injective hull for K regarded as an (R/(xx ,...,xn)R)-

module. £ is unique up to nonunique isomorphism, if it exists. However, the

natural map R -» HomÄ (£,£) is an isomorphism, so that the isomorphism
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between two canonical modules is unique up to multiplication by a unit of 7?.

A Cohen-Macaulay ring R possesses a canonical module if and only if R is

a homomorphic image of a Gorenstein local ring [19], [7], [6]: a complete local

Cohen-Macaulay ring always has one. 7? is Gorenstein if and only if it is a

canonical module for itself. See [22] and [23] for more information. (Note: A

"canonical module" is a "rank one Gorenstein module" in the terminology of

some authors.)

We note that if 7? is of finite type over (perhaps a homomorphic image of)

a Gorenstein local ring 5 of dimension q > n, then Ext| " (R,S) is a

canonical module for R.

If £ is a canonical module for R and x G R is not a zerodivisor, then x is

not a zerodivisor on £ and E/xE is a canonical module for R/xR.

If P is a prime ideal of 7?, then EP is a canonical module for RP.

We refer the reader to [7], [10], [11], [22], and [23] for further information

and details.

We also need the following fact from [11]:

(4.6) Fact. Let (R, m) be a Cohen-Macaulay ring which possesses a canonical

module E. Let xx, ..., xn be a system of parameters for R. Then

W=mjlim(---^E/(x{,...,xi)E^^E/(x{+x,...,xn+x)E-»•••)

is an injective hull for K over R.

Proof. E/(x{, ... ,x'n)E is an injective hull of K over R/(x[,...,x'n)R,

and, since xx, ..., xn is an £-sequence, the maps are injective. It follows that

the modules in the sequence fit together to give the injective hull of K over R.

(Alternatively, by [11, Theorem 2.3], W = H„(E) = H^(Ê), is an injective

hull of K over 7? or R by local duality.)   Q.E.D.

(4.7) Remark. If R is an Artin local ring, a canonical module for 7? is

precisely the same as an injective hull for K as an 7?-module.

Recall that a (not necessarily local) Noetherian ring 7? is generically

Gorenstein if its total quotient ring is Gorenstein. We need the following useful

though elementary:

(4.8a) Fact. Let R be a generically Gorenstein Cohen-Macaulay local ring

which possesses a canonical module E. Then R and E can each be embedded in

the other. Moreover, E is isomorphic as an R-module with an ideal of R which may

be taken to be R precisely if R is Gorenstein and which otherwise has pure height

one.

Proof. Let T denote the multiplicative system of nonzerodivisors in

R; T = R — \J^Lxp¡, wherepp ..., pm are the minimal primes of R. T~xR is

a zero-dimensional Gorenstein ring and T~xR s¿ J[m=x R . T~xE

— n,1) Epi, and since each 7?   is Gorenstein and £   is a canonical module
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for R , we have Ep¡ Sé Rp,. Hence, T R =é TE. Now, we have injections

R ^> T~xR, E <^> T~XE. Hence, the isomorphism T~x R an T~XE provides

injections R ^> T~~xE, E "^ T~xR. Since R and £ are i?-modules of finite

type, we may choose nonzerodivisors a, b E R such that the image of

aR (s R) in T~xE is contained in £, and the image of bE (=% E) in T~xR is

contained in R. Thus, we have injections R "=-» £ and £ °-> i?. Let i be an ideal

of i? such that i s £. Let £ be an associated prime of R and let A = Rp.

Then £4 is a canonical module for A, and we cannot have height P > 2, for

then depth« /I > 2, depths £4 > 2, and so depth,, A/1 A > 1, while £

G Ass(£/i) =*> depth« /l/£4 = 0.   Q.E.D.
(4.8b) Remarks. If R is Cohen-Macaulay and has a canonical module, then if

R is generically Gorenstein, R is approximately Gorenstein. For the canonical

module £ always has S.C.I.: if xx, ..., xn is a system of parameters for R, then

(xx ,...,xn )E is irreducible in £. If R is generically Gorenstein, we can

embed R^> E, and then R has S.C.I., i.e., R is approximately Gorenstein. See

Example (5.4).

We are almost ready to prove the necessity of condition (*) for a module to

have S.C.I. First, we want to make some observations.

(4.9) Discussion. Let R be Noetherian (not necessarily local). If £ is a prime

of R, we write p¡(P,M) for

dimK{P)Ext'Rf(K(P),MP),

where k(P) = RP/PRP: p¡(P,M) is the /th Bass number (and can also be

characterized as the number of copies of the injective hull over R (or over Rp)

of k(P) occurring in the /'th term in a minimal injective resolution of Ai [1].

Here, we shall be concerned solely with the numbers p0(P,M), or, briefly,

p(P,M). We note the following trivial facts (the proofs are left to the reader):

(4.10) Lemma. Let R be Noetherian (not necessarily local).

(a)p(P,M) = p(PRP,MP).

(b) p(P,M) > 0 ** P G Ass(Ai).

(c) p(P, M ) is the torsion-free rank of any maximal (R/P)-torsion-free submo-

dule of M.
(d) p(P, M) is the rank of any maximal (R/P)-free submodule of M.

(e) If P is minimal in R, RP is Gorenstein if and only if p(P, R) = 1.

(4.11) Theorem. If M has S.C.I, and P is a prime of R such that dim(i?/£)

= 1, then p(P,M) < 1. In other words, (R/P) © (R/P) cannot be embedded in

M.

Proof. If not, we can choose a prime Q (of A) E Ass(A/P) such that

dim£/Q = 1. Then we have an embedding R/Q ^ R/P and hence an

embedding
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(R/Q) © (Ê/Q) ̂  (A/P) © (A/P) at ((R/P) 9 (R/P)f ^ M.

Thus, there is no loss of generality in assuming that R is complete. By (4.3),

(R/P) ® (R/P) will itself have S.C.I.: by (4.1c), we may replace R by R/P.

Thus, it suffices to show that if 7? is a complete one-dimensional local

domain, then R (B R does not have S.C.I.

Let u E m - {0}. Since dim7? = 1, we can choose N such that mN C uR.

We shall show that if M' is cofinite and irreducible in R2, then M' (f mN(R2).

To see this, let V = R2/M'. Since V is an essential extension of K (of finite

length), we have an injection V ^> W, where W is the injective hull of K. By

(4.6), if I denotes an ideal R which is a canonical module for R (cf. (4.8)), then

W = proj \imtl/u'l, and since Khas finite length it follows that for some t we

have an injection V -* 1/u'l. We then have the following commutative

diagram in which the sequences are exact:

0

^ /—i—**//«'/->0
tc\o¡

O-tM'c-* R2-»V-► 0

where a is simply the inclusion of 7 in R. We can choose ß (and then, uniquely,

aß) so that the diagram commutes, since y is surjective and R is free. Let a,

b be the images of the free generators for R2 in R (under aß). We may choose

a largest possible nonnegative integer h such that a = uha', b = uhb' with

a', b' E R. Since h is as large as possible, either a' G uR or b' G uR. Hence

(¿',-a') £ mNR2 (for mN C ufl). But aß((b',-a')) = b'a - a'b = 0. Since a

is injective, ß((b',-a')) = 0 and so yß((b',-a')) = 0. But y/? = eô, so that

e5((è',-a')) = 0, and so, since e is injective, ô((b',-a')) = 0, i.e., (b',-a')

G M'. Thus, M' <t mNR2.   Q.E.D.

(4.4) and (4.11) together yield the necessity of the condition (*) for an M

with dim M > 0 to have S.d.: part of the statement of Theorem (1.12).

We now have enough information to prove the first statement in Proposition

(1.13).

(4.12) Proposition. Suppose that every M with dim M > 0 which satisfies (*)

has S.C.I. Then R is an E-ring.

Proof. Suppose, to the contrary, that 7? is not an £-ring. There are two

possibilities. One is that for some prime P of 7?, dim R/P > 2 and Ass(R/P f

contains primes of coheight 1. Let Q E Ass(R/P)~ he such that dim R/Q = 1.
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Then (R/P) © (R/P) satisfies (*), but its completion has R/Q © R/Q as a

submodule and does not. Hence, by (4.11), ((R/P) © (R/P))' does not have

S.d., and so neither does (R/P) © (R/P).

The second possibility is that for some prime P of R with dim(R/P) = 1,

the ring (R — P)~ (R/P)" is not Gorenstein. This means that for some

minimal prime Q of P, ((R/P ) )q is not Gorenstein. Since this ring is zero-

dimensional, this says (cf. (4.10e)) that p(Q/P,(R/P)") > 2, i.e., (R/Q)

© (R/Q) is embeddable in (R/P)"'. Thus, by (4.11), (R/P)" does not have

S.C.I. But R/P satisfies (*). Thus, in either case, we have a contradiction.

Q.E.D.
Our remaining objective is the result that if R is an £-ring and dim M > 1,

then (*) is sufficient for M to have S.C.I. We need a refined version of primary

decomposition for modules [4, Chapter I, §B].

First, recall that if £ is a prime of R (not necessarily local) then M is "P-

coprimary" if, equivalently, (i) Ass(M) = {£} or (ii) Rad Ann M = P, and

for every r E R either r is not a zerodivisor on M or r E P (in which case r

is nilpotent on M).

(4.13) Lemma. Let R be a (not necessarily local) Noetherian ring and M an R-

module of finite type. Let Ass(M) = {R,...,Ph} and let v¡ = p(P¡,M), 1 < i

< h. For each i, let M¡ be a copy of (R/Pj)"' in M.

(a) Let M* = 2/= i M¡. Then the sum is direct. Moreover, M is an essential

extension of M*.

Since Mi n 2,#/ Mj = 0, for each i we may extend 2/#¿ Mj to a submodule

E¡ of M maximal with respect to being disjoint from M¡. Let M'

= 2 0,A=1(A//£,) = It/Li (M/E,). The maps M -* M/E, induce a map M
-» M'.

(b) For each i, M/E¡ is an essential extension of the image of M¡, and, hence,

Ass(M/E¡) = {P,}, i.e., M/E¡ is P,-coprimary and E¡ is P-primary. Moreover,

p(P„M/E,) = v,.
(c) The map M -» M' is injective.

(d) C\,= XE, = 0; in fact, this is an irredundant primary decomposition ofO in

M.

Proof, (a) If If, V2 are submodules of M such that Ass(If) n Ass(I^) = 0,

then Vx D V2 = 0 and Vx + V2 = if© V2, for Ass(Jf fl V2) C Ass(lf)
fl Ass(I^). By induction, if If, ..., V, are submodules of M and the sets

Ass(I<) are pairwise disjoint, Vx + ---+Vt=Vx®---@Vr Since Ass(M¡)

= (£}, M* = 2*-i M¡ - 2 ®}=XM¡. To see that the extension M* -» M is

essential, let w E M - {0} be given: we must show that Rw f) M* ¥= 0. First,

we replace w by a multiple whose annihilator is prime. Thus, we may assume

AnnÄ w = P¡ for a. certain /, and Rw s R/P¡. But then, Rw n M* = 0
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=> (Rw) n M¡ = 0 and then Rw + Ai,, s Rw © Mi■ = (R/P¡)''+\ contradict-

ing the definition of v¡. This proves (a).

(b) Since £,- D M¡ = 0, we have an injection M¡ -* M/E¡: the maximality of

E¡ says precisely that this is an essential extension. The rest is straightforward.

(c) Since Ai is an essential extension of its submodule Ai* = 2 ®¡M¡, it

suffices to show that the restriction Ai* -» Ai' is injective, i.e., that <#>: 2 ©,-A^

-* II, M/E( is injective. If/ ¥= i, Mj C E¡ by construction of £,, so that each

summand M¡ maps to 0 in all coordinates except the /th. Thus, writing

II, (M/E¡) = 2 ®i(M/E¡) we see that <b is the direct sum of the maps

M¡ -> M/E¡, which we already know are injective.

(d) The injectivity of Ai -> ü, (M/E¡) says precisely that n,£, = 0, while

from (b), E¡ is i-primary.   Q.E.D.

(4.14) Lemma. Let R be a (not necessarily local) Noetherian ring, P a prime

ideal of R, and M a P-coprimary module with p(P, M ) = v. Then there exist v

P-coprimary modules Mx, ..., Mv such that p(P,M¡) = 1,1 < / < j», and M

can be embedded in 2 ©J= i M¡.

Proof. We may replace R by £/Ann M without loss of generality, and so

assume that P is the unique minimal prime of R. Now, suppose we can solve

the problem over Rp, and embed MP °-> 2 ©JL i M*, where the Ai* are

suitable Ä^-modules. Each M* has the form (M¡)p for a suitable £-module of

finite type Af(-, and M¡ may be chosen £-coprimary as well. Since Ai is of finite

type, for a suitable s G R - P the image of jAí Sí Ai in 2 ®'=XM*

— (2 ®1=xMj)P will be contained in 2 ®"=\M¡, and we are done.

Thus, we may assume that (R, P) is a zero-dimensional local ring, say with

residue class field K = R/P, and, as in (4.13a), Ai is an essential extension of

K" C Ai. Now, let Ai,*, ..., Ai„* each be the injective hull of K as an R-

module. The maps K *-> M* give rise to an injection K" -> 2 ®"i=\M* which,

since 2 ©,"=iAi,* is £-injective, extends to a map Ai -> 2 ©,LiAi,*; more-

over, since K" C Ai is essential, this map is injective.   Q.E.D.

(4.15) Proposition. Let R be a (not necessarily local) Noetherian ring and let

M be an R-module of finite type with Ass(Ai ) = {R,...,Ph) and p(P¡, M) = v¡.

Then M can be embedded in a direct sum of 2,= i v¡ R-modules

2 ®\<,i<.h;\<j<,i>Mij> wftere Mij is a Pj-coprimary module with p(Pi,MiJ) = 1, 1

< / < h, 1 < / < p,.

Proof. By (4.13) we can embed Ai -» 2 ®^]M/E¡ where M/E¡ is Pr

coprimary and p(Pi,M/Ei) = v¡, and by (4.14) we can embed M/Ei in a direct

sum 2 ®jL\M¡j where each Ai^ is ij-coprimary and p(Pi,Mij) — 1.   Q.E.D.

We need one final preparatory lemma in order to prove Theorem 1.12.

(4.16) Lemma. Let R be an E-ring and let M be a module which satisfies
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condition (*). Then M satisfies condition (*) as an A-module.

Proof. Since depth M = 1, depth M — \. Thus, the problem is to show

that if Q is a prime of 7? with (A/Q) = 1, then p(Q,M) < 1. By [21,
Proposition 15, p. IV-25], Ass¿ (M) = U/l, AssÄ (R/P,)". Since R is an £-

ring, if dim(R/P¡) > 2, no prime in Ass^ (R/P) has coheight 1. Thus, we need

only show that if P E Ass(M) and coheight P = 1, then if Q E Ass¿ (R/P)"

then p(Q,M) < 1. But if Q E Ass^ (/?/£)" then Q D PR, i.e., there is a

surjection (£/£ ) —» £/ß, which in turn yields an injection

Hom¿ (R/Q,M) ^ Hom¿ ((R/P)" ,M) =s (HomÄ (R/P, M))" a (Annw />)\

Since dim£/P = 1, AnnM £ is a torsion-free (£/£)-module: otherwise, m

E AssiAnn^P) C Ass(A/), a contradiction. Since p(P,M) < 1,

rank AnnM P < 1, and hence AnnM P is embeddable in R/P. Thus, we have

(Annw £)* ^ (£/£)* and so Hom^ (A/Q,M) *-> (R/P)". Since 7? is an £-
ring if we localize (R/P ) at Q it becomes a zero-dimensional Gorenstein ring,

and we have an injection:

Hom¿e (AQ/QAQ,MQ) ^ ((R/P)")Q.

It follows that p(Q,M) = p(QRQ,MQ) < p(Q,(R/P)"Q) = 1.   Q.E.D.
We are now ready to prove the hardest part: that (*) is sufficient for having

S.C.I, when R is an £-ring. Of course, we have already done a good deal of

the work.

(4.17) Theorem. Let R be an E-ring and let M be an R-module with

dim M > 0. Suppose that M satisfies condition (*). Then M has small cofinite

irreducibles.

Proof. We proceed by induction on n = dimA7 = dim(£/AnnA/). By

(4.16) we may assume that 7? is complete. By the induction hypothesis we

know the result for all modules M' with dimM' < n, even if the base ring is

an £-ring and not necessarily complete.

We first consider the case in which dim M = 1. Then all the primes in

Ass(M) have coheight one. Since R is complete, we can map a complete

regular local ring onto it. Then, by (4.1c), we may assume that R is complete

regular. Let 7 = Ann(M). Then / will have pure height (dim/?) — 1, and

hence, since R is regular and, in particular, Cohen-Macaulay, 7 will contain an

7?-sequence of length (dim£) - 1. But R regular => R Gorenstein, and so we

may divide out by this 7?-sequence ((4.1c) again) and replace R by a one-

dimensional Gorenstein ring.

Thus, if dim M = 1 we may assume that dim/? = 1 and that R is a

complete Gorenstein local ring. We have that for each minimal prime P of R,
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p(P,M) < 1. But then Ai can be embedded in R. To see this, note that since

depth Ai = 1 = dim i?, Ai is a Cohen-Macaulay module and so every non-

zerodivisor in £ is a nonzerodivisor on Ai. Let T be the multiplicative system

of nonzerodivisors of R. Then R ^ T~x R, M "=-» T~x M, and, as usual, it will

suffice to embed T~x M «^ T~XR. But T~x R is a product of zero-dimensional

Gorenstein rings and T~~x M = rj/> Mp where £ runs through the minimal

primes of R. p(P,M) < lp(PRP,MP) < 1 => Aip = 0 or else Aip is an

essential extension of k(£) = RP/PRp. Since £P is Gorenstein, it is the

injective hull (maximal essential extension) of k(£), so that for each P we have

an embedding Mp<^Rp and hence an embedding £_1Ai sí ]Jp MP

^UpRp — T~XR, as required.

Since R is Gorenstein, it is approximately Gorenstein and has S.C.I, and,

hence, so does its submodule Ai.

This completes the proof for the case n = 1.

We now suppose n > 1. We are retaining the assumption that R is complete

and that the result holds for any £', Ai' if R' is an £-ring and dim Ai' < n.

Let Ass(Ai) = {if,... ,Ph) and embed Ai ̂ -> 2 ©i</<ä;i</<»,-W« precisely as

in Proposition (4.15): Ai^- is i^-coprimary, v¡ = p(P¡,M), and p(Pi,MiJ) »1,1

< i < A, 1 </ < p¡.
Then we can select 2,= i v¡ distinct primes P with the following properties:

(1) For each /,/, dim£/£ = 1.

(2) If dim(R/Pj) = 1 (this implies v¡ = 1, since Ai satisfies (*)), then Pj = P.

(3) For each /,/, B, 3 P¡.
Note that in order to select these primes we must have m £ Ass(Ai), and

we also must have p(P¡,M) = p¡, = 1 if bt(R/P¡) = 1. (To select the i? first

pick i? = Pi for those / such that dim R/P¡ = 1. The other i? may be selected

one at a time: given /, /, where dim£/£; > 2, let £■ be any prime which

contains P¡, has coheight 1 in R, and which has not already been used. This is

possible, since R/P¡ has infinitely many primes of coheight 1.)

By (4.3), we may replace Ai by 2 ©j/A/¿/: it wm suffice to show that

Ai = 2 QyMy has S.C.I.
Let an integer N > 0 be given. By (4.2) it will suffice to show that there is

a module Ai^ C m^Ai such that M/MN has S.C.I. Let Ai^* be the localization

of M:j at Pj. Since Afy is £,-coprimary and P¡ C Pj, M¡j C Ai¿*. Let Mjjk

= PfM¡ n My. Since nktf M? = 0, (~]kMijk = 0. Since My is a module
over a complete local ring, and Ai-.j. is a decreasing sequence of submodules

whose intersection is 0, we can choose an integer k = N¡¡ such that MyN

C mNMy.

Now, since R is complete, if Ry denotes the localization of R at P, then R¡¡

is excellent and, in particular, an £-ring. Since Ai^. is £,-coprimary and

p(Pi,Mij) = 1, we have that Ai^* is £;£;y-coprimary and p(PiRij,M*) = 1.
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Hence, My satisfies (*) over R¡¡. But dim My < dimM¡¡ < dim M; hence,

My has S.C.I, as an /{.-module. It follows that we can choose an Ry-

submodule Ey of My which is cofinite, irreducible, and such that £*

C (Pj)N'JM*. Let E,j = £* fl My. By the choice of Ny, Ey C mNMy. More-

over, it is easy to see that MJE¡¡ is /^-coprimary and p(Iy,My/Ey) = 1. Thus,

we may let MN = 2 ®¡jEy, for then MN C m M and M/MN

— 2 ®ü(M,j/E,j) has S.C.I, by the case « = 1 (of course, we are using here

the fact that the /?■ are all distinct).   Q.E.D.

5. Approximately Gorenstein rings, cyclic purity, and purity, revisited. We

have now done all the real work, and we can reap a harvest of corollaries.

(5.1) Corollary. Let R be a Noetherian ring. The condition that R be

approximately Gorenstein is local on the maximal ideals of R, i.e., R is

approximately Gorenstein if and only if for every maximal ideal m of R, Rm is

approximately Gorenstein.

Proof. This is immediate from the definition.   Q.E.D.

(5.2) Theorem. Let R be a Noetherian ring. If R is an E-ring (in particular, if

R is a locally excellent Noetherian ring, especially, a complete local ring), then R

is approximately Gorenstein if and only if the following two conditions are

satisfied:
(1) If m is a maximal ideal of R and m E Ass(£), then Rm is a zero-

dimensional Gorenstein ring.

(2) If P E Ass(R) has coheight 1 in a maximal m of R, then p(P, /?) = 1, i.e.,

R/P © R/P is not embeddable in R.

Hence, for an arbitrary Noetherian ring R, R is approximately Gorenstein if

and only if for each maximal ideal m of R, either Rm is a zero-dimensional

Gorenstein ring or else m G Ass(£) and for each Q E Ass(£m), if dim(Am/Q)

= \thenp(Q,Aj = 1.

Proof. The result is immediate from (5.1), (2.2c), (1.5), (1.11c), and (1.12).

Q.E.D.
Of course, (1.6) is just the special case where R is complete local and

dim/? > 1.

(5.3) Proof of (1.7). Since (1) => (2), it suffices to show that either (2) or (3)

implies the condition of (5.2). If (3) holds then the condition of (5.2) holds

vacuously, because Ass(/?) has no elements of coheight < 1 in a maximal

ideal. (2) implies that all primes P in Ass(£) are minimal, and that for each

P E Ass(/?), p(P,R) = p(PRp,RP) = 1, since Rp is Gorenstein.   Q.E.D.

(5.4) Example. Let r be an integer > 2. By Proposition 3.1 of [5], there is a

local domain A of dimension 1 (thus, A is Cohen-Macaulay) such that Â

possesses a unique minimal prime P such that



cyclic purity versus purity 483

(0 P2 = o,
(2)Ps&(Â/P)r.

Thus, Â is not generically Gorenstein, and, hence, neither is A. We can

therefore embed A -* S, ideally closed, such that A -» S is not pure. Since S

is the direct limit of its finitely generated /4-subalgebras, we may even take S

to be finitely generated as an A -algebra. Moreover, A has equal characteristic

0. Thus, there is a one-dimensional (Cohen-Macaulay) local domain A of equal

characteristic 0 and a finitely generated extension algebra A -* S such that

A -* S is ideally closed but not pure.

The fact that A is not approximately Gorenstein is closely related to the fact

that it has no canonical module; if A had a canonical module, it would be

embeddable in it, and, hence, approximately Gorenstein. See (4.8b).

We conclude this section with two more corollaries of our main results.

(5.5) Proposition. Let R be an approximately Gorenstein Noetherian ring, for

example, a reduced excellent Noetherian ring, and let S be a module-finite

extension algebra. Suppose that IS D R = I for every ideal I of R. Then R is a

direct summand of S as an R-module.

Proof. The hypothesis guarantees that R is cyclically pure in S, and, since

R is approximately Gorenstein, that R is pure in S. But then, since S/R is a

finitely generated (=*> finitely presented) £-module, £ is a direct summand of

S.   Q.E.D.

(5.6) Proposition. Let R be any Noetherian ring and let x, y be analytic

indeterminates over R. Then R[x,y] and R[[x,y]] are approximately Gorenstein.

Moreover, if R =-» U is any algebra extension (or even an R-module extension)

the following five conditions are equivalent:

(i) R. is pure in U.

(ii) £[x,.y] is cyclically pure in U[x,y].

(iii) £[[x,y]] is cyclically pure in U[[x,y]].

(iv) £[x,.y] is pure in U[x,y].

(v) R[[x,y]] is pure in U[[x,y]].

Proof. Let g be a maximal ideal in S = R[x,y] (respectively, S =

R[[x,y]]) lying over say, £, in R. We must show that SQ is approximately

Gorenstein for each Q, or, equivalently, that Sq is approximately Gorenstein

for each Q. (Note that in the case S = £[[x,y]], £ must be maximal in R and

we must have Q = (P,x,y)S.) Let T - RP[x,y] (resp., £>[[x,.y]]) and let

m = QT. Then tm = SQ, so that it suffices to show that if A (let A = ÊP) is

a complete local ring, then B = A[x,y] (resp. B = A[[x,y]]) is approximately

Gorenstein. But AssB B = {pB:p E Ass^ (A)} and if p E Ass A, B/pB

^ (A/p)[x,y] (resp. (^/p)[[x,y]]) has the property that every maximal ideal has
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height at least two. Since B is excellent, by Theorem (1.7) it is approximately

Gorenstein.

We now prove the equivalence of (i)-(v). From our point of view, the

interest is in the implications (ii) => (i) and (iii) => (i). In fact, (i) => (iv) is trivial

(since R[x,y] -» S[x,y] arises by tensoring /? -* S with R[x,y] over /?), and (i)

■» (v) is known (see [2]). Moreover, (v) => (iii) and (iv) => (ii) are quite evident.

To see why (ii) (or (iii)) implies (i) let S = R[x,y] (resp., /?[[x,.y]]) and

T = U[x,y] (resp., t/[[.x,.y]]). Since 5 is approximately Gorenstein, the cyclic

purity of 5 -» T implies the purity of S -* T. Now /? -» S is pure (in fact, R

is an /?-algebra retract of S via a homomorphism which kills (x,y)S), and so

/? -* T is pure. Since U is an /?-algebra retract of T, 7? -* U is pure as well.

Q.E.D.
(5.7)  Remark.  It  is  well  known  (see  [2],  [4]),  that  if R[xx,...,xn]

-» 5[x[.xH] is cyclically pure for every «, then /? is pure in 5, even if /? is

«oí Noetherian. The interesting point in (ii) => (i) is that if /? is Noetherian, we

need only let n = 2.

6. Adjunction of analytic indeterminates fails to preserve purity in the non-

Noetherian case. In [2] it is shown that if /? is Noetherian and /? °* 5 is pure,

then /?[[/]] "^ S[[t]] is pure. In this section we construct a counterexample

when /? is not Noetherian. In fact, we prove the following:

(6.1) Proposition-Example. Let K be any commutative ring, e.g., afield. Then

there exists a countably generated K-algebra R, and a countably generated ring

extension R =-» S such that

(1) /? ^ S is pure.

(2) R[[t]] -> S[[t}] is not even cyclically pure: in fact there is a principal ideal

of R[[t]] which is not contracted from S[[t]].

Proof. We construct /?, S explicitly as follows. Let {Xj,Zy, Wj-. /,/}, where

/,/ are nonnegative integers and / < /, be countably many indeterminates. Let

T = K[Xj,Z,j: i </]. In T, if/,/ > n > 0, let

n

P(j,f,n) = 2 X,(Zn_,j - Zn_,f).
i=0 J

Let I be the ideal of T generated by the elements p(j,j',n) and let /? = T/I.

We write x,, z» for the images of X,, Zy, respectively, in /?. Thus,

7? = K[x,,zy:i <j]

and if we let yn = 2"=o xizn-u f°r anv J ^ n tne relations p(j,j',n) tell us

precisely thatyn is independent of the choice of/ > n for each n.

Let Í/ = /?[ W: j] and for each « let p„ G £/ be defined by
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ptt**yn- 2 x,w^,.
1=0

Let J be the ideal of U generated by the pn and let 5 = U/J.

We shall show that R is pure in 5 but that R[[t]] is not cyclically pure in

S[[t]].
To see that R is pure in S let Sn = R[W0,..., Wn]/(p0,... ,pn). Clearly, in

an obvious way, S = proj lim„ Sn. Therefore, it suffices to show that R -* Sn

is pure for each n. But £ is a direct summand of Sn as an £-module: in fact,

R is an £-algebra retract. To see this, simply map R[W0,..., Wn] -* R (as R-

algebras) by sending W¡to zin. Thenp, maps toy; - 2,"=o xizn-i.n = 0, 0 < /

< n, and so we have the required £-algebra retraction

S„ = R[WQ,...,W„]/(p0,...,pn)^R.

It remains to show that £[[/]] -* S[[t]] is not cyclically pure. We simply

exhibit a principal ideal of R[[t}] which is not contracted. Let

x = 2 V 6 £[[/]],
i=0

y = 2 yti e £[[/]],
i=0

and

w - 2 »J E S[[t]].
i'=0

Then y E xS [[/]]; in fact, the relations p¡ are precisely what we need to

guarantee that y = wx. To complete the proof, it will suffice to show that

y g *£[[/]], for then xR[[t]] is a principal ideal of £[[/]] which is not contracted

from S[[t]].

Suppose, to the contrary, that y E xR[[t]}. We shall derive a contradiction.

The fact that y G xR[[t]] simply means that there are elements r0, ..., r¡, ...

E R such that

00

y = x 2 r¡t',
1=0

or, in other words, that the /■ satisfy the countable system of equations
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(E)

^0 — JC0r0'

y, = xxr0 + x0rx,

yn - xnr0+-" +X0rn,

Given a supposed solution, we can choose an integer m so large that

/¡j G K[x0, ... ,xm,Zy,i <y < m] = Rm C /?. We shall obtain a contradic-

tion by showing that if r0 G /?m then even the two equations

(E-)
->m — r0xm + -    - + rmxQ,

ym+\  ~ r0xm+l + -    ' + Wl^O'

have no solution in /?.

To this end, we introduce an auxiliary ring. Let U0, Ux, \q, V\, and Q be

indeterminates over K, let B = K{UQ,UX,VQ,Q], and let A = B/(U0Q). We

denote the images of the variables in A by u0, ux, v0; q. We define v'0 = v0 + q

and note that u0 v0 = u0 v'0.

Let ¡p be the unique AT-homomorphism of T = K[X,,Zy-. i < /] to A such

that:

<b(X,) = 0   if /' < m or / > m + 1,

<b(Xm) = i/0   and   <i»(A-m+1) = ux,<b(Zy) = 0   if / > 1,

*(zq/) = vo>   if7 < «.

<Kzq,) ■ »b   Hj>m+1.

It is easy to check that for all n,j,j', where/,/ > n, <p(p(j,j',n)) = 0. Hence

<j> induces a AT-homomorphism

>//: R->A.

Let a,- denote the image of r, in .4. Now, »^(/?m) = A^Wq,^] C A and so
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a0 G K[u0,v0]. Moreover, t/0„) = iK2j=0 xízv-lX and so ~\iyv) = ° if "

< m while $(ym) = u0v0 and ty(ym+x) = «1 v'0. If we apply ^ to the equations

(Em) we obtain

(l)u0v0 = u0a0,

(2)uxv'0 = u0ax + uxa0,

over A, and we know aQ G K[u0,v0]. Now, U0QB n £[t/0,1¿] C Q5

n £[£/0,1£] = 0, so that K[u0,v0] ss K[U0, V0]. But then w0i<0 = u0aQ and

a0 G K[u0,v0] =* a0 = v0. Substituting in (2), we have uxv'0 - uxv0 E u0A,

or, passing to B, that UX(V0 + Q) - Ux VQ E (U0, U0Q)B = U0B, whence

UXQ G t/0£, a contradiction.   Q.E.D.
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